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Perturbation Theory of the Fermi Surface in a
Quantum Liquid. A General Quasiparticle Formalism
and One-Dimensional Systems
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We develop a perturbation theory formalism for the theory of the Fermi surface
in a Fermi liquid of particles interacting via a bounded short-range repulsive
pair potential. The formalism is based on the renormalization group. and
provides a formal expansion of the large-distance Schwinger functions in terms
of a family of running couplings consisting of one- and two-body quasiparticle
potentials. The flow of the running couplings is described in terms of a beta
function, which is studied to all orders of perturbation theory and shown to
obey, in the nth order, n! bounds. The flow equations are written in general
dimension d 2 1 for the spinless case (for simplicity). The picture that emerges
is that on a large scale the system looks like a system of fermions interacting via
a d-like interaction potential (ic., a potential approaching 0 everywhere except
at the origin, where it diverges, although keeping the integral bounded); the
theory is not asymptotically free in the usual sense and the freedom mechanism
is thus more delicate than usual: the technical problem of dealing with unboun-
ded effective potentials is solved by introducing a mathematically precise notion
of quasiparticles, which turn out to be natural objects with finite interaction
even when the physical potential diverges as a deltalike function. A remarkable
kind of gauge symmetry is associated with the quasiparticles. To substantiate
the analogy with the quasiparticle theory we discuss the mean field theory using
our notion of quasiparticles: the resulting self-consistency relations are closely
reminiscent of those of the BCS model. The formalism seems suited for a joint
theory of normal states of Fermi liquids and of BCS states: the first are
associated with the trivial fixed point of our flow or with nearby nontrivial fixed
points (or invariant sets) and the second may naturally correspond to really
nontrivial fixed points (which may nevertheless turn out to be accessible to
analysis because the BCS state is a quasi free state, hence quite simple, unlike
the nontrivial fixed points of field theory). The d = 1 case is deeply different from
the d> 1 case, for our spinless fermions: we can treat it essentially completely
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for small coupling. The system is not asymptotically free and presents
anomalous renormalization group flow with a vanishing beta function, and the
discontinuity of the occupation number at the Fermi surface is smoothed by the
interaction (remaining singular with a coupling-dependent singularity of power
type with exponent identified with the anomalous dimension). Finally, we pre-
sent a heuristic discussion of the theory for the flow of the running coupling
constants in spinless d > 1 systems: their structure is simplified further and the
relevant part of the running interaction is precisely the interaction between pairs
of quasiparticles which we identify with the Cooper pairs of superconductivity.
The formal perturbation theory seems to have a chance to work only if the
interaction between the Cooper pairs is repulsive: and to second order we show
that in the spin-0 case this happens if the physical potential is repulsive. Our
results indicate the possibility of the existence of a normal Fermi surface only
if the interaction is repulsive.

KEY WORDS: Perturbation theory; Fermi surface; quantum liquid

0. INTRODUCTION. RESULTS

We consider a system of fermions at zero temperature, with mass m >0
and positive density, interacting via a smooth, short-range, rotation-
invariant pair potential (described in an appropriate grand canonical
ensemble): hence, hard-core interactions are not considered. The fermions
will be usually supposed spinless: the simplification introduced by the
absence of spin is, in the perturbation theory part of this paper, unessential.
We also treat, as an example, a spin case in a special one-dimensional
model.

We shall most of the time introduce a second simplification, namely,
we shall suppose that there is a short-range cutoff eliminating scales shorter
than some length scale p, ': the best way to do this would be to imagine
that our fermions are on a lattice. However, such a regularization would
not be spherically symmetric and the resulting complications would hide
the conceptual problems and our proposals for their solutions; hence, our
regularization will be spherically symmetric in space time. We think that
the above simiplification, although unphysical, is unessential and that the
ultraviolet problem that is eliminated in this way could in fact be solved
and that it has nothing to do with the theory of the Fermi surface, which
is an infrared problem. For this reason, in developing the general theory,
we have not even attempted the analysis of the ultraviolet problem and we
have fixed p, ' equal to the range of the interaction potential. We devote
attention to the ultraviolet problem only in the d=1 spinless case with
repulsive interaction.

The basic question is to prove that, under convenient assumptions on
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the pair potential, the interacting system has a well-defined normal Fermi
surface. The first problem is to provide a definition of a normal Fermi sur-
face: the guide is the theory of the free case (0 interaction). A Fermi surface
with radius pg (which in free systems is trivially related to the chemical
potential or to the particle density; see Section 1) manifests itself in several
ways. We consider the two-point Schwinger function in Euclidean space
time?; if its argument (x, t)=¢ is led to oo, it behaves in d-space dimen-
sions as

dk —i(kor + kx) kz
Spo(xa [):Z_lf dko e < >

i
)+ —iky+ (k* —p3)/2m ~ \p}
d—1 p—1
PE Qa4 . t—ifT0x
1elpr> 1 (Zﬁ)dﬁzj d Crp X ererer (0.1)

where 3(x) is a cutoff function taking out the ultraviolet part of the
Schwinger function S, Q, is the surface of the d-dimensional unit sphere
and 4~ 'o is the normalized surface element on the sphere, f = pg/m is the
velocity at the Fermi surface, Z=1, and p,' is a unit of length fixed
arbitrarily. The parameter Z is introduced for later reference and will be
called the Fermi surface discontinuity parameter (see Section3 and
Appendix A).

The reason for the latter name is that, if p,= oo, the integral in (0.1)
over ky can be performed by residues and one finds

1

V4
S,(x,07)= )

jddk (K2 — p2 <0) &' (0.2)
where y(x <0)=1 if x <0 and vanishes otherwise, while the constant Z is
identically 1; one would like to show that the presence of interaction simply
replaces in (0.2) y with Z~'y + 7, with 7 regular, so that Z measures the
jump at the Fermi surface; see ref. 9.

As one can certainly imagine, this is by no means the only possible
definition of a Fermi surface: in fact, in Section 4 we present another way
of defining it and at the end of Section 5, after (5.33), still more ways. All
the definitions agree in the case of no interaction. In the presence of inter-
action they are formally equivalent. The proof of actual equivalence wouid
require a lot of work: it is reminiscent of the problem of the equivalence of
the ensembiles in statistical mechanics. We shall eventually adopt the last of
the possible definitions that we consider [see the analysis following (5.33)
in Section 5] because it is the simplest to reach from scratch and, as we
would like to believe, it is also the most fundamental, as it requires, to be
stated, the introduction of the notion of guasiparticles, which is a basic
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notion in low-temperature physics (but which so far has hardly received a
mathematically useful definition; see, however, ref. 4).

The results of this paper can be loosely stated (and they acquire a
precise meaning after the notion of quasiparticle is introduced) as follows.

1. We give a general perturbation-theory setup for the Fermi surface
problem, with bounds on the beta function to all orders. This part of the
work (Sections 6-12 and the nonheuristic part of Section 14) does not use
in an essential way the spinless nature of our fermions and it can be
trivially extended to spinning fermions.

2. There is a lack of asymptotic freedom if d= 1. The beta function
structure is inconsistent with a normal Fermi surface. We therefore intro-
duce and discuss, for spinless systems, the notion of anomalous Fermi sur-
face and build the new notions of effective potential and of beta function.

3. We introduce a certain technical property which we conjecture
[see Section 15, before (15.48)] to hold for the exactly soluble model of
Luttinger. Unfortunately, we have not been able to show that it is a conse-
quence of the exact solution of the model. Assuming the conjecture and the
analyticity of the beta function near the origin (see below), we deduce,
from the known properties of the exact solution by Mattis and Lieb of
Luttinger’s model, ®>? that the anomalous beta function is identically zero
in the spinless case. And we show that in turn this implies that the general
short-range interaction leads to an abnormal Fermi surface identical,
qualitatively, to the one present in the Luttinger model (Section 15). In this
case we outline a discussion of the ultraviolet problem mentioned at the
beginning of this section under the additional assumption that the potential
is repulsive in the strong sense of being positive definite.

4. The analyticity of the beta function in the d=1, spinless
(anomalous or not) or spinning case should be technically a consequence
of the estimates in ref. 19: in fact, it is clear from our analysis that the
analyticity properties of the beta function should be the same for our
models and for the 2-dimensional Gross—Neveu model. Gawedski and
Kupiainen"?) discuss the running couplings flow and the analyticity
properties without defining exactly the beta function in the same sense of
refs. 16-18, which we use here: we think that this was only an expository
choice and we plan to study formally this technical point in a separate
paper.

5. For spinning fermions we have no results beyond the ones in item
1 above. We discuss briefly the d=1 spinning case (Section 15), pointing
out some obvious problems, but providing no solutions. It is described by
a map in finite dimension which contains resonances and therefore its
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theory seems to lead quickly to well-known unsolved problems (small
divisors, diffusion, etc.). This has something to do, we believe, with the fact
that in the spinning d=1 case a deltalike interaction with nonvanishing
integral may be nontrivial and therefore boundedness of the running form
factors is per se not sufficient to solve the problem.

6. If d>1 the results are not sufficient to show the consistency of the
theory even to second order (in the sense of Section 5), even though we
control in some sense the beta functional to all orders (Section 14). We
hope that consistency to second order can be checked with extra work. We
write down the equation which should be discussed, describing some of its
elementary properties and its connection with the adopted Fermi surface
definition. We also present some heuristic analysis of it (in the spinless
cases), based on the idea that the flow generated by the beta function is
governed by a function describing what we call the interaction between
Cooper pairs. The analysis leads to a flow with no anomalous dimension, if
the interaction is repulsive: thus, such spinless systems with repulsive inter-
action would have a normal Fermi surface.

We now sketch the logical structure behind the technical work.

In the interacting theory, keeping the range p, ' of the interaction
fixed, one has three independent parameters, namely the potential A,
(which is in fact a function), the mass m, and the pg (or f = pg/m), which
is the radius of the Fermi surface. The discontinuity has to be determined
(when existing). Given the interaction potential i,, and some bare values
mq and pY of the mass and of the chemical potential, by definition we shall
say that our system is normal and has particles of mass m, Fermi surface
at pg, and discontinuity Z if the pair Schwinger function S, (cut off at p,)
has the asymptotic behavior (0.1) or if some formally equivalent property
holds.

Formula (0.1), in the approximation expressed by the rhs, has
remarkable scaling properties suggesting the use of renormalization group
methods. In fact, the rhs of (0.1), and even the first nonapproximate
expression generating it, will be shown to determine a representation of the
Fermi field describing in Euclidean space time the free ground state with
parameters pg, 8 of the type

chﬂ Z l//é pE.B (0-3)

where " is a field on scale 27"p, ' in the sense of renormalization group
(called the component on scale n or, in case of ambiguity, on scale 2~ "p; '),
and in fact it has a scale covariance property:

d
CPF ﬁ~2n/ Wznzz "pr,B* n— —0 0.4)
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We mention this property here because it is natural to study the scaling
properties of the fields ¥ * and to try to see what can be done with them:
however, the discussion below and, in more detail, Sections 4 and 10 make
it clear that, in fact, the scaling property (0.4), although correct, is not very
useful and it is quite misleading.

The decomposition (0.3) transforms the problem of computing the
Schwinger functions into that of the theory of functional integrals of the
exponential of an action V(¥ *) with respect to the Euclidean Fermi fields
" (see Sections 1-4 and 6).

The natural approach (renormalization group approach) would be to
integrate successively the field components defining recursively the effective
potentials V" (<), where <" is defined by the sum in (0.3) stopped
at 1 <0. One has to identify in ¥® a relevant part depending on few
parameters and an irrelevant part, the remainder. In our case the naive
candidates would be a quartic operator in the fields which has the same
form as the pair potential operator plus a quadratic part.

In this way the relevant part V(" of V" takes the form

| 2ae—m)p P u Py s dgdn

< <h)— 243 < <h)—
o] 2 e | SRSy

] o g (0.5)

where the coefficient of the y *i ~ term has been defined as 2"v, rather
than v, for later convenience. It is, however, nontrivial to identify the
relevant part contribution inside ¥ <%\, The coefficients of the relevant part
are called running couplings or form factors (note that one of them is a
function).

The identification of the relevant part should be such that there is the
possibility of expressing both the relevant and irrelevant parts of the effec-
tive potential on scale 4 as formal power series in the higher scales, /' > 4,
running couplings: here the 4’s are negative, which is very convenient and
not as confusing as it looks at first sight. Furthermore, one demands:

1. If the running couplings are supposed bounded uniformly in 4,
then the sum of the absolute values of the nth-order coefficients of
the above formal expansions should be bounded by C"n!, where n!
is an estimate of the number of Feynman diagrams (with n ver-
tices) in the classical perturbation theory; see refs. 1-9 and the
brief introduction in Sections 1-4. This is usually interpreted as
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saying that there are no divergences in the theory, other than the
ones associated with the running couplings themselves, when one
tries to expand the effective potential (or the Schwinger functions
which are trivially related to it} in powers of the O-scale running
couplings.

2. If the expansions expressing the running couplings on scale 4 in
terms of the ones on higher scales are truncated to any pre-fixed
order p, then they generate a sequence of running couplings which
is indeed uniformly bounded in 4, at least for some suitably chosen
nontrivial initial values.

The first property will be called the existence of the beta function of the
theory and the second consistency to order p of perturbation theory.

If, furthermore, the Schwinger functions, computed to the same order
in the running couplings are such that, to the considered order p, they
obey the asymptotic relation defined in (0.2) or one of the formally
equivalent relations examined in Sections 4 and 5, one says that the Fermi
surface exists to order p and is normal.

Usually this is obtained by showing that the effective potentials tend
to zero in the considered order (asymptotic freedom). But this is by no
means necessary: in fact, only some of the running couplings enter into
{0.2). The theory of the Fermi surface seems to provide an example of the
above nonnecessity.

With the above program in mind, one starts computing the flow of the
effective potential coupling constants to second order: one is deceived in
discovering that no matter how one proceeds (at least, no matter how we
proceeded), one finds that the effective potential has the annoying feature
of trying to diverge.

The latter property makes it impossible to proceed with the usual
techniques **'®) which are based on uniform estimates. The difficulty is a
major one: it is basically linked to the fact that the problem has an intrinsic
scale of length built in, p;'; the latter introduces oscillations in the
integrands expressing the effective potentials, which produce cancellations
compensating some of the divergences caused by the size of the effective
potentials, the others being eliminated ultimately by using the Fermi
statistics. This is, however, very difficult to control. Our solution has been
to think of the effective potentials as interactions between new objects
which are fermions with more structure than the original particles: we bap-
tised them gquasiparticles. They have more degrees of freedom and are
related to the original particles, so that the Schwinger functions for the
original particles can be computed from those of the quasiparticles by
integrating them over the extra coordinates with suitable weights.
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The redundance in degrees of freedom is reflected in a kind of gauge
symmetry which we shall repeatedly exploit: the knowledge that the physi-
cal observables are necessarily expressible in terms of particle fields implies
infinitely many identities and sum rules for the expressions involving the
quasiparticles, quite analogous to the Ward identities of QED (e.g., see
Sections 7, 11, and 12).

The remarkable property of the quasiparticles is that the effective
potentials between the new quasiparticles seem to be bounded functions
and furthermore the formalism allows us to take advantage of the oscilla-
tions of the integrands on a scale p;! to show that also the integrations
necessary to obtain the Schwinger functions of the quasiparticles can be
performed and bounded uniformly. The divergence caused by the delta-
function-like potentials, so troublesome in the formalism without the
quasiparticles, does not cause problems because it is broken into a sum of
many regular parts which can be controlled in the expressions of interest.

The fact that in the end we get control of an effective potential which,
in a formalism without quasiparticles, would look divergent (but very short
ranged) is not very surprising, since, intuitively, a residual delta-function-
like potential (with bounded integral) is essentially equivalent to a zero
potential because the delta interaction is trivial (a property valid if d> 1
and also, in the spinless case, if d=1).

The d=1 case is a borderline case: the integral of the deltalike func-
tion not only is bounded, but stays away from zero. This makes it harder
to discuss the existence of the Fermi surface, particularly in the spinning
case, as the delta interaction in one dimension may be nontrivial.

We arrived at the quasiparticle picture (see Section 5) by studying the
cancellations due to the oscillations of the propagators on the Fermi length
pr' in two simple hierarchical models that we introduced: we do not
reproduce here the labor performed on them because it would be a repeti-
tion of what we present. We nevertheless stress that even in this case, as
already in the cases of the scalar field theories,*® the analysis of a
hierarchical model is very helpful and enlightening, and it has provided the
essential key to this work.

We think that the interest of the notion of quasiparticle that we intro-
duce goes beyond the technical aspect: it seems to be a precise mathemati-
cal notion which translates the phenomenological concept of quasiparticle
originally due to Landau. They have strange properties which definitely
distinguish them on a formal level from the Landau quasiparticles: they
carry an intrinsic linear momentum (equal in size to the Fermi momentum
Py, 1e., they live on the Fermi surface) much as a spinning particle carries
an intrinsic angular momentum. And they tend to join into pairs with
opposite intrinsic linear momentum to the point that all our intuition is
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based on the idea of calling relevant only the part of the effective potential
representing the interaction between what we have called Cooper pairs. It
is only a part of the pair potential.

As a final remark we wish to stress again that in the one-dimensional
case there is no asymptotic freedom, because the effective potential does
not tend to vanish, while in general dimension, as a potential between
quasiparticles, it may go to zero, but not very fast (see Section 14). But in
the quasiparticle language a potential which goes to a finite limiting value
or even to zero too slowly corresponds, if interpreted as a pair potential
between physical particles, to an approximate deltalike potential. Such a
potential on scale / is an approximate delta function (see Appendix C) with
width 2p !, times a constant proportional to the size of the quasiparticle
potential and to 2/~ Y*: hence its integral goes to 0, if d> 1, as & » — o0,
but this is not fast enough to prevent the effective potential between the
physical particles from diverging essentially as O(2~") in any dimension.
This shows that in any dimension the quasiparticle notion seems essential.
Furthermore, in more than one dimension one can have an asymptotic
freedom mechanism only if one represents the interaction as an interaction
between quasiparticies.

The original preprint of this paper had a few lines missing where
ref. 22 was introduced and comments on it were made: this was noticed by
one of the referees, who asked in fact for more light on this point. We take
the opportunity in the following lines to expand our original comments,

The theory of the one-dimensional case should be compared to the
vast literature; see ref. 22. The comparison is not easy, as the levels of rigor
demanded of renormalization group approaches have kept increasing
steadily. In ref. 22 the theory of the Fermi gas is developed in great detail:
one of the basic ideas appears to be the same guiding us in Section 15;
namely, one tries to make use of exactly soluble models to understand the
properties of others, nonexactly soluble (this®? seems to be possible also
in some models beyond the spinless case that we consider).

The problem of defining the beta function without approximations
(like the bandwidth cutoff with the assumption of constancy or smoothness
of the couplings within the band) and to all orders is not really considered
and attacked in ref. 22; the calculations are confined to the lowest orders,
with the major exception of Fowler’s theorem (see p. 220 of ref. 22) and the
related conjecture on the conservation under scaling of a suitable combina-
tion of coupling constants (which, however, can be regarded as constants
only if the above approximations are considered). The analysis is made
casier by neglecting completely the irrelevant terms and their contributions
to the beta function. By contrast, the quantities that we call running
couplings are, without approximations, constants (the identification of the
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nonconstant part of the couplings used in ref. 22 with (some) of our irrele-
vant terms seems fairly clear). We do not neglect irrelevant terms and we
study the beta function to all orders of perturbation theory, making
estimates of the coefficients.

Our analysis can therefore be considered as an attempt at a more
detailed understanding of the corrections that arise when one does not start
with the approximations mentioned above and one does try to take into
account the high orders and to put bounds on the beta function coefficients
which are uniform in the cutoffs. In so doing we have been led to a precise,
although apparently unconventional, notion of quasiparticles and to a
more general theory (which is not restricted to one dimension) permitting
the formulation of a renormalization group approach with a well-defined
beta function [which, unfortunately, seems difficult to study even to second
order (see Section 14) when d> 1]. We have given an anomalous scaling
interpretation of our one-dimensional resuits {going also through the
analysis necessary to give a precise definition and bounds on an anomalous
beta function): we plan to study the possible connection between the
Fowler conjecture and our conjecture G =0, in the quest of an algebraic
proof for it: our conjecture also relies on the exactly known properties of
the Luttinger model, and the argument used by Fowler to formulate it
seems to apply in our case as well. The explicit check (which is of some
interest while looking for a general proof) of the vanishing of G to third
order is being studied and in our context is more involved, if done by
explicit calculation, because of the presence of the irrelevant contributions
(which of course are not small).

1. SYMBOLS

Fermions in a periodic box @ < RY, with side size L will be described
in terms of creation and annihilation operators #,", 1, , where k = (2n/L)n,
n=(n,,.,n;)eZ%

We choose units so that Planck’s constant is =1 and introduce the
following operators:

l/Ii =L—d/2zeiik~x’1]-(_§—
k
Ty (XY =] ax T 003 0~ )
- 2m k Ik a 2m x x x ¥x
(1.1)
N

Snine = [ dxulvg

k

V= dxdy dolx—y) b U Uy
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where y, m will be fixed a priori and their combination pg = (2mpu)'? will
be called the Fermi momenium, while

k2 k2 _pz
Kl\=——u= r 1.2
e(k) o o (1.2)
will be called the dispersion relation.
We shall call H the interaction Hamiltonian:
H=T+V+vN+a,T {(1.3)

and we shall say that 1, is the interaction potential, v, is the chemical poten-
tial, and o, is the mass normalization. Strictly speaking, according to the
usual terminology of statistical mechanics, the chemical potential of the
Hamiltonian (1.3) would be po=pu{l+ay)—v, and the particle mass
would be mq=m/(1 + 0,): hence v, and «, are in fact related to the varia-
tions of the chemical potential and of the particle mass compared to the
reference values p and m, which are fixed a priori.

When A, =0a,=v,=0 the ground state of H is easy to find and it is
simply given by

Fy="T] n 10> (1.4)
e(k) <0

where |O) is the vacuum for the n* operators.
For  finite the ground-state properties as well as those of H can be
deduced (obviously) from the Schwinger functions:
Tre—(-9All)Hl//dle—(11~lz)Hl/J<72 lljasefsz
Xt X

s Tre 9%

S(X;, 1,0, X, b5, O

53 Y53

(1.5)

where 32t > --- 21,20, 0,= £, and from the properties of such func-
tions we can deduce the properties of the system at temperature 9/, too.

In the limit 9 — co the functions (1.5) can still be used to describe the
properties of the ground state.

In this paper we plan to consider (1.5) and its limit as § — oo: if g,
vy are suitable functions of 1, and 4, is small enough, we show that (1.5)
can be given a formal perturbation-theoretic meaning defining a formal
expansion for the Schwinger functions of a state of the (infinite-volume)
fermion system whose structure is described by the Landau picture of
quasiparticles.

To impose Hamiltonian stability, we shall suppose that 4,20, ie., a
repulsive potential; we shall also suppose that the potential has short range,
le., it decays rapidly at oo, and that it is rotationally invariant.
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2. CLASSICAL PERTURBATION THEORY
The following time-dependent fermion fields will be useful:

2[=L—d/226iikxie(k)tnktEetTlll;‘je~tT (21)
k

They define the imaginary time fields.
Then, using the representation [where Vo=V +voN +a,T; see (1.3)]

e = lim Iie’”"(l—%)] (22)

we find that the numerator of (1.5) becomes

ZifTr{efSTVO(tfl)... Volth,_ VW3 o -

Xy, 1,

as - Volt, )} dr’ (2.3)

Xsafp1+,,‘+,,j L+ o P51

where V,(t)=e Ve " and the sum is over integers p,, p,,.., while the
integral is over all the ¢/ variables with j#p,, p;+ps,, p1+

pat o+ poand 1, o s byt .1, are fixed to be ;>
t,> --- >1,20, respectively; finally, the ¢ variables are constrained to
decrease in their index j, and the sign + is plus if the number of ¥, factors
is even and minus otherwise.

Since the product of Vs is an integral of a sum of products of 7,
operators and since the T is a quadratic Hamiltonian in the ¥ * operators,
Wick’s theorem holds for evaluating Tr[exp —37(-)]/Tr(exp —87T) and
therefore it will be possible to express the various terms in (2.3) as suitable

integrals of sums of products of expressions like

g (6T =Tre Ty Yt [Tre T

g_(§1)=Tr eASTlp;,W;,,v/Tre_ST 2.4)

if §=x—x’, t=1t—1t >0, which we combine to form a single function:

g+ 1) if >0

—g (=& —1) if <0 (23)

g6, 1) = {

Then it is easy to see, from Wick’s theorem, that the generic term in (2.3)
can be expressed graphically as follows.
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One lays down graph elements like

Xy, t

- >

b (2.6)

x,1 x,1

symbolizing, respectively,

_';“O(XI _X2) l//;rl,t pg,tl//)?z,t ;1,[
_Vol:by:tl//;,r

(o/2m)(i0 + pe) ¥ < (0 +pe) ¥,

+
X, t

X, !

with py being a vector of size pg (of any pre-fixed direction). We call the
graph elements in (2.6) 1, 2, 3, and 4 (the last representing the final two
elements), respectively.

One should then draw » + s such elements so that the first » have a
shape of the form 1, 2 or 3 with labels (x, ¢} attached arbitrarily to the ver-
tices (“free labels”) and the last s have a shape of the form 4 (representing,
respectively, ¥, or [ ) and carry “external labels” (x,, t;),..., (X, £,).

Then one considers all possible ways of joining together lines in pairs
so that no line is left over unpaired and only lines with consistent orienta-
tions are allowed to form a pair.

To each graph we assign a sign o= + obtained by considering the
permutation necessary to bring next to each other the pairs of operators
which in the given graph are paired (one says also contracted), with the
to the left of the associated ¥ ™, and then setting o= (—1)" if x is the
permutation parity.

To each graph we assign a value which is the integral over the free ver-
tices of the product of the sign factor times the product of factors g(&, 1)
(or of some of its derivatives) for every line A with an arrow pointing
from (x,,#;) to (x,,%,) with §=(x,—Xx,), 1=t,—1t,, times a factor
—Ao(X; —X,) for every wiggly line joining (x,, f) to (x,, t), times a factor
— v, or ay/2m for every vertex of the type with only two lines.
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The propagator function g is given by (2.5) and can be represented as

71’5’(]() e-(\9+t) e(k)
l+e }

2(&, 1) dz ""é{ _9e(k)X(T>O) — 5o 1t <0)

= ~eee = Ke(y(e(k) > 0) (7 > 0)
8= o0
—x(e(k) < 0) x(r<0))
| e+ 0T 4k
o hte+07)+ ke 7
-5 )dekod e .

where y (“condition”)=1 if “condition” is satisfied and y =0 otherwise.
The reason why 7 =0 requires the use of g~ is simply that such a case can
only arise in the anomalous graphs in which a pairing occurs between lines
emerging from points with the same time index. Disregarding sets of times
of measure zero in the integral (2.3), such pairings can only arise by pairing
lines representing operators ¥ *, ¥~ in the same V, factor of (2.3); there-
fore * is always to the left of Y~ and the propagator is necessarily
g_(+0)

The sum of the graph values over all graphs yields the expansion for
(2.3) up to a multiplying factor Tre~°7.

3. EUCLIDEAN FORMALISM

The numerator and denominator of (1.5) admit a concise representa-
tion as a formal functional integral.
For this purpose one introduces an algebra constructed from symbols
£ ¥, , with &, ne R**1. The symbols are considered to form a basis out
of which the algebra is constructed by assuming that the F satisfy the
following anticommutation identities:

Wi =0, (Yo ¥ }=0 {y/ Yy, }=0 (3.1)

Following standard practice, the symbols iy * are now used to denote new
objects, which should not be confused with the fermion operators of the
previous sections.*?)

The integration P(dy) is simply defined by assigning the value of the
integral of a monomial:

[ Pa@yyyg vz (32)
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By definition, the value of such an integral is given by Wick’s rule. One
considers all the pairings, ie., all possible ways of collecting in pairs the n
symbols ¢ in such a manner that no symbols appear in more than one
pair and the two symbols of each pair have a different ¢: calling = the
parity of the permutation on &,,..., £, necessary to put the ’s of each pair
next to each other with the ¥~ to the left, then one assigns to each pairing
a value which is (—1)" times the product of factors g(& — &’) for each pair
formed by pairing ¢, with ¢7; the value of (3.2) is the sum over the
values of all the pairings.

From the analysis of the previous section it should be clear that the
numerator in (1.5), divided by Tr e #7, is given by

n

JPan TLwgew —{[ | a&=mbiig ve dedn

i=1

S Ly R . R R ey P T S ER]

Y2 [0,8]

and (3.3) has to be interpreted in the sense of formal power series in Ag,
Vo, Uo-

The abstract objects ¢ are called Grassmanian variables or Euclidean
Sfermion fields, and the linear form defined by (3.2) on such an algebra is
called an anticommutative Gaussian process. The theory of the integrals
(3.3) is equivalent to the problem of giving a meaning to the formal pertur-
bation series of Section 2.

The analysis of the Schwinger functions is not very convenient. It is
more convenient to work with the rruncated Schwinger functions. The
latter are related to the Schwinger functions by finite algebraic relations.
The formal definition is in terms of auxiliary Grassmanian variables &,
anticommuting also with the y* fields. One sets

ST(x,6 4,0y X,0)

Y5

. - |

~ s o8 [ Py oxp | v+ [axterys wuien) |

le=o

(3.4)

where ¢ denotes the formal functional derivative, which, together with
the logarithm and exponential, is defined in the sense of formal power
series. Note that, however, S”(x+, y—)=S(x—, y+), and we denote
S(x—, y+)=S(x— y), as it plays a special role.

822/59/3-4-2
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A very convenient object is the generating function of the truncated
Schwinger functions:

Fe)= Y ¥ J

s=201--

d
X s ST(x, 60y X,5,) £%1 8% (3.5)

x| Xs
which is related to the notion of effective potential defined by

e—Ven(s)sz(dlp) e~ Vol¥ +e) (3.6)

The relation is, if (ge) " =g=#e~ and (ge)" =¢' = g’, where the =
denotes convolution, g is the propagator in (2.7), and g'(x)= g(—x), the
following:

—Ver(ge)+ (&7, ge7 ) =F(e) (3.7)

(we learnt, in the scalar fields case, the above relation from L. Rosen).
The above relations are formally trivial if one treats | P(dy)- as an
ordinary integral with respect to a measure proportional to

av dp-oxp— [0 (=2 pyam) v, def (38)

and proceeding to the change of variables ¥ + ge = .

Of course the formal argument is meaningless as presented; however,
if one writes the above calculations (ie., the change of variables) as rela-
tions between formal power series in the fermion fields, one sees that they
are indeed valid.

We can express V.;(g) as a series like (3.5), thus defining kernels
Voy(X,6 4,0, X,0,), and among them the Vy(z—,z'+)=V(z—2") will
play a special role.

In fact we see that the theory of the effective potential is equivalent to
the theory of the two-point Schwinger function:

S(x—y)= g(x—y)—f glx—z) Vglz—2') g(z' —y)dzdz’  (39)
and the property (0.2) can be translated into properties of the Fourier

transform ¥ (k) of the effective potential. The properties are:

1. The effective potential has short range: ie., Ve is a smooth
function in k.

2. The effective potential vanishes on the Fermi surface:

Viky,,k)=0 if k=0, |k|l=pg (3.10)
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3. The expansion of V(k) around k,=0, |k| = py has the form
R _k*—pi
Veff(ko’ k) =d 'm

4. The coefficients & and { are equal: @={={.

— Cikg + - (3.11)

The above four conditions imply that

1 { oo (—iky+e(k))

Stko, k) == iko+e(k) [—iky+ek)][—iko+e(k)] + (3.12)
ie., (0.2) holds with Z~'=1—{_ in a sense which depends on how good
a control one has on the regularity properties of the function ¥ (k) near
k,=0, |k| = pg (ie., on the Fermi surface).

In perturbation theory one tries to find expansions for &, { and for the
value v=V (0, pg) in powers of 1y, oy, vo. The idea is that, given pg, m
and given A, small enough, one can express the parameters v, & { and
impose the conditions

V(%g, Yo, 4o) =0, a(og, Vo, Ao) = 5(“0, Vos Ao) (3.13)

to fix the two free parameters o, v, (i.e., the bare mass and the bare chemi-
cal potential).

It is nontrivial and really remarkable that this can be achieved for-
mally to all orders of perturbation theory in a sense which is not literally
the above (which is incorrect), but in fact much better: the expansion is
possible if v(ay, vo, 4¢) 18 not really constructed as a function of ay, vy, 4o
for all their values near 0 (say). Rather, one uses only the parameters z,,
Ao and determines v, as a power series in oy, 4, so that the coefficients of
the formal expansion of ¥ in powers of «y, 1 vanish. In other words, one
only defines ¥ for the values of a,, v,, A, for which its value is 0. One finds
that this is possible formally to all orders and determines uniquely formal
series for vo(og, Ag), &(0g, 4o), and {(ag, 4¢); one imposes subsequently that
& = { (which can be solved in the sense of formal power series to all orders).

This shows that the perturbation series is possible only if the chemical
potential is fixed at the right value. The similarity with the KAM theory of
perturbations of Hamiltonian quasiperiodic motions is here striking.

The work on the above perturbation theory is classical; see refs. -7
and in particular refs. 8 and 9. The results follow again as a consequence of
our work, which also provides bounds for the size of the coefficients of the
expansion,

However, the mentioned perturbation theory is unsatisfactory, as
pointed out in refs. 11-13 and 15.

In fact, one can easily identify special classes of contributions to the
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functions (g, A9), {(xg, Ag)s Volxtg, 49)» given by integrals of sums of
geometric series: if summed formally, they become divergent, although the
term-by-term integrals are convergent. The mechanism is the same as that
of the integral

o0

1 1 A
"ol %1 YWdx=| ——2——{ 3.1
3 Fhatiolog il 7y dv= |ty (4

ie., we see that the integrals are finite order by order, but their formal sum
diverges at least if 1, < 0. This shows that a correct perturbation theory,
even if only formal, cannot be confined to the proof that one has finiteness
order by order.®®

On the other hand, the above situation is typical of the renormaliza-
tion group approaches. We expect that there should be a notion of
running form factors, which we denote v, = (4,, v,, &,, {,), and that all the
interesting quantities should be expandible in a formal power series in v,.
The power series is possibly even convergent if |v,| is small enough for
all 4. Then the problem becomes that of controlling the dependence of v,
on # as functions of the parameters of the theory (o, vg, 4¢): One would
like to prove that they stay uniformly bounded and small, at least if 4, is
chosen small enough and the others conveniently.

4. EFFECTIVE POTENTIALS

The basic tool to produce estimates on the graphs of perturbation
theory is the multiscale decomposition of the Euclidean fermion fields.
Fixing arbitrarily a momentum scale p,, it is generated by the following
identities, starting from (2.7):

_ (dkodKexp[i(—kor —kx)]
g(x)_J(zn)dH kg + (k)

B J dko d?k exp[i( — kot —kx)]
T K rek)?
0 rpg2 p jdk0 dk

ZJ,Z LR

x (exp{i(—kot —kx) —a[ki+e(k)*]})[iko +e(k)]
234 dk, d“k

j daf(zi)nﬂ-l

x (exp{i( —kot —kx) —a[kg + e(k)*1}) ik, + e(k)]

=) &%) (4.1)

[iko+e(k)]

i

272n42

0
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where x = (x, t) and the functions g,(x) have simple scaling properties, if
n<0. In fact,

~ s sin pg x| Do .
Balx, 1) =2"gs(E, 1) —— +22p—°g,,<a,r>cospF1xt, d=3

Pr x| F (4.2)
Enlx, 1) =2"g;(, T} cos ppx —27¢g;(¢, T) sin prx, d=1

where £ =2"p,x, 1=2"p,t, and, if n <0,
0705 g3(&, 1) K277 IVGy(E, o) pf M TR, a=s,c (43)

where = pp/m and G,, which depends on p, r, ¢ but not on n, is
uniformly bounded and decays at oo faster than any power of its
arguments.

Furthermore, g°, g¢ are holomorphic in &, 7 and admit a bound with
G4 decaying exponentially fast at co for &;, 7 in a complex plane strip of
pre-fixed size, and with a decay rate bounded by a quantity that also can
be arbitrarily pre-fixed.

See Appendix A for our choice of g°, g and for a detailed check of the
above statements.

We shall often choose units so that f=velocity at the Fermi sur-
face=1 and % =1: we call such units natural and in such units the dimen-
sion of 4 is an inverse length.

A convenient and natural choice for p, is to fix p, ' =range of the
interaction potential: the latter will be supposed to have the form A(x)=
pal(pox) with 1 having range 1.

We can use (4.2) to represent our Euclidean fermion fields as sums of
other independent Grassmanian variables:

1

= Y [wlierreedo (4.4)

X, ! X, 1,®
n= —o

where the propagator between the ﬁelds Yy, and Y@ s given, if
E=(x—x")pe2tand 1=(1—1)2"ps, b

2n5(m - (D,) gn(g’ T, (0)

e(x)
=jo—o) ¥ 2{(2"[{—2) —e(oc)iu)n“,j|g;’1(§,f), d=3 (45)

2%(0—0') g,(8, 1, 0) =50 —0')2"[g,(& 1) —iwg({, 7)),  d=1

with g(c)=1 and &(s)=0, and 6 is the delta function relative to the
measure do defined by

ool =1) .

do=—1—"1""7
R PYTES

(4.6)
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where £2, is the surface of the d-dimensional sphere, i.e., J is defined on a
test function f by

[ 30 -0 do fl@) = f(0) (47)

If n=1, the fields ¥V are given an indecomposed propagator: (4.2) still
holds, but (4.3) holds only outside a neighborhood of the origin (because
there is no ultraviolet cutoff in g;).

Formula (4.5) can be read in the jargon of the renormalization group
as saying that the dimension of the fields ¥ £, is 1/2, independently of 4.

The d independence of (4.5) reflects the fact that the particle
propagator (4.1) has a singularity on the Fermi surface which has codimen-
sion 2 [1 {spatial)+ 1 (temporal)]. The asymptotic scaling and the sym-
metry between space and time in the quasiparticle propagator reflects the
nature of the singularity in the radial direction, linear in k, and |k| — pg
(the latter is the variable called /# in Appendix A).

In checking (4.4) and (4.5), one uses, for 4= 3, the identities

sin |X'=jdme""""‘, cos |x|=j(1-i(ox)d0) e’ (48)

Ix|

and similar ones if d=1.
Asymptotically, as n - —oo one has, for d=1, 3 [see (A9)],

2u(& T, @) = Cylt —if'0k) yo(t> + B 262 (4.9)

where [see (A.10)]

L da Q,pi'p
W= G Cmqomty (4.10)

o T 22n)?t' B

It appears that the fields y{) , are naturally associated with the length
scale 27 "ps .
The following notation will be used:

N

Y (4.11)

n= —o

and, if A=Qx[—T, T], we definc the effective potential ¥ on scale
po '27" with ultraviolet cutoff U>0 as
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exp — V(N)(w(sm)
_JP dlp N+1) P(dw(b))

xexp — [ dn(e-m) U U SO d dn

< <U)- %o (< <U)—
F v EOEOT e [ SO (<o ph) Y de
#f L aweo el (412)

where 4, will be called the potential, v, the chemical potential, o, the mass
normalization, and { the discontinuity parameter.

Eventually one shall only be interested in the choices of vy, %, permit-
ting one to interpret the state of the Fermi system as a state with a Fermi
surface at py (a priori prescribed) on which Landau quasiparticles move
with a given mass m, and one wishes to take {,=0 (otherwise one would
lose the physical interpretation of the theory).

The propagators of the various fields obtained from the fields " in
(4.4} or (4.11) by taking summations over n between various extremes will
be denoted by appending to g or g subscripts like (<4) if the extremes are
(—0o0, h), or (=h) if the extremes are (#, 0), or (h, ') if the extremes are
both finite.

As mentioned in the introduction, we shall fix the ultraviolet cutoff
U=0, ie., we fix it at scale p; . The effective potential on scale & generates
the truncated Schwinger functions S, of a theory with infrared cutoff at
scale pg 27"

In the free case the evaluation of the function S, (x, y) at points
2 x4, 27"y, (i, on scale py '27") leads to (fixing d=3 as an example)

S(;;.)(xm Yo)=2"72 S(>h)(2kh(xo - ¥o))
=sin(p2 " X0~ ¥ol) 81> h scating){ X0 — Vo)
+COS(pF2_h ’XO—yOU g?zh,scaling)(xo_yO) (413)

where, if 6 =35, ¢, we have defined

1]
g?;h,scaling)(x)z Z 22(n_h)gf1-(2nihp0x)

Z 2%9g7 (29p, x)

= gscaling(x) (414)
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so that [see the asymptotic formulas in Appendix A, (A6)-(A10)]
Q3TLPF ( ){t/‘XL =S

gscaling(x) = 2(272:)4 ﬂ yscaling X ﬂil, G=c
+ 00
yscaling(x)z Z 2zqP§Vo(2qPox) (415)
g=0
2.2
—p2x?/4
/BT S SN B

R

Hence we see that if x? is fixed (=1, say), we can read from the
leading behavior of S ,(x) as A — —oo the value of the Fermi radius py
and the particle mass m: the first is directly given by the period of the
oscillations in space (ie., 2n2"/pr in our rescaled units) [see (4.13)], and
the second is deduced from f (8 = pg/m) [see (4.15)].

The above analysis shows the possibility of defining the Fermi surface
and the particle mass via the analysis of the effective potential on scale 4:
using (3.9), one could require ¥ to have the properties necessary to
imply that the ST_,(x, y), defined by the rhs of (3.9), indeed have the
asymptotic properties described by (4.13)-(4.15).

This is not, however, our choice: in our opinion the Fermi surface and
the mass are more naturally associated with the new concept of quasipar-
ticles that we introduce in the next section and that we identify with the
well-known phenomenological notion of quasiparticle introduced by
Landau (see ref. 15).

5. QUASIPARTICLES. MEAN FIELD THEORY AND GAP
EQUATION. DEFINITION OF FERMI SURFACE

We now come to the problem of defining what we shall adopt as the
primary definition of Fermi surface and quasiparticle mass.

The previous formalism suggests a radical change in point of view. The
case d=1 is clearest and we treat it first; we keep, however, the general
notation for later reference (hence, if d=1, the | de will be the average
over ® = +1, etc.).

We imagine a system of fermions characterized by an intrinsic linear
momentum pp® and external linear momentum k. The intrinsic linear
momentum should be thought of as the linear momentum analogue of the
spin. Such particles will be described by fermion fields ¢, , with
propagator é(w — ®’) g(x —x', t —t', ®), where
e—i(kx+kot) dd+lk

ek, ) (2m)?+!

g(x, 1, 0))=J (5.1)
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The new fermion variables may be used to represent the fermion
variables of the previous sections as

Vi = | doetireny (5.2)

X, 1,

The function ¢(k, ®) has to be such that
dd+1k e—z’(kot+kx)

(2r)**t ! —iko + (K2 — p2)/2m

g(x, 1) =j Ejd(o e PFe(x 1, @) (5.3)

Keeping the restriction d=1, an elementary calculation shows that
e(k, )= —ik,+ Bok + O(k?) as a consequence of (A6)-(A10). It is easy
to check that there are co-many choices of &(k, m). Every choice of the
function y in Appendix A, for instance, provides a different (k, @) still
satisfying e(k, ®)= —ik, + fwk + O(k?). All choices agree to first order
near the Fermi surface k=0. We shall fix our choice by using the
propagators of Appendix A.

This means that the free fermion system in a ground state with Fermi
momentum at pp can be considered as a system of guasiparticles in the
vacuum carrying an intrinsic linear momentum equal to a Fermi sphere
momentum. The dispersion relation is almost linear in the sense that the
system on large scales, i.e., k small, will show a dispersion relation essen-
tially identical to n(k)= wkf: this property seems to remain valid even in
the presence of interaction and this is the main result of the analysis of the
coming sections, which are developed by letting intuition be led by the idea
that the quasiparticles are to be taken seriously.

The case d=13 is discussed similarly, but for reasons that are made
clear below, we only consider it when we have an ultraviolet cutoff at p,.
The propagator g{(x —x’, t— ¢, ®) will be therefore defined as [see (4.5),
(4.6)]

0
g(xa I: (1)) = Z 2hgh(xa t’ 0)) (54)
h= —w
Using the work of Appendix A, one easily checks that (5.4) can be put in
the form (5.1) by setting

ek, ) = —ikoa(k) + b(k) + fo - k[e(k) — iko d(k)]

with a, b, ¢, and d functions of k3+ pk? growing very fast as k — oo
(exponentially, because of the ultraviolet cutoff). The difference between the
d=1 case and the d>1 cases is not so much in the introduction of the
ultraviolet cutoff (which could be easily avoided by extending the sum over
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h up to 1), but rather in the fact that the &(k, ®), even in the absence of
an ultraviolet cutoff, would have to be really different from —iky,+
Bk + O(k?). The main feature of ¢(k, ), common to d=1, 3, is that
1/]n|, with y=Res, is not integrable at 0 over k,, k; it is, however,
integrable at oo with respect to k (but, if d=3, only because of the
ultraviolet cutoff).

The leading singularity at k=0 is easy to evaluate from Appendix A,
(A7)-(A19), and it is

ek, @) = [ —iko+ for - k)(k5 + (o k)*T " (k5 + B7k*)* (28) 7 pi?

We can generalize our previous problem into that of studying
Euclidean Fermi fields with interaction

Vo= j dx dt dw, do, exp[ipp(®, — ©,)x]

2
ol . _ _
X ‘/’,:,,ml <V0+ ;mF 2ipg'®,0— p; 2A)> ‘//x,t,wz

+ j dx dy dt f []do;exp{ipel(o; —0,)x + (0, — 03)y]}

X Ao(X =)Wt 0¥y oy o s (5.5)

X L@y T Y, L@ T Y, LW T X, 1,04

We call (5.5) an interaction between the Euclidean quasiparticles with
internal momentum wpy and position x: it is obtained by considering the
argument of the exponential in the rhs of (4.12) and by replacing the ¢ £
fields via the (5.2).

One cannot say that such objects are real particles, as they only arise
as an artificial device similar to the device of decomposing a field into
scales. But we can pretend that they are real because we can infer from
their properties those of the system, hence those of the frue particles: the
name is chosen because they seem to enjoy properties analogous, in some
respects, to those of the quasiparticles used in the Landau theory of Fermi
liquids.

Before giving the definition of Fermi surface in terms of the quasipar-
ticles (see Definitions 1 and 2 below), we try to substantiate our interpreta-
tion of the above remarks on quasiparticles by showing that the mean field
theory can be easily rephrased in our formalism, and very naturally so,
leading to self-consistency equations of the BCS gap equation type.

We can think of the Euclidean quasiparticles as described by the
formal fermion integration proportional to

P(dlp)——-{exp ——Js(k, )YV, do dk} dyt dy~ (5.6)
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where an ultraviolet cutoff p, is introduced to avoid dealing with
ultraviolet problems.

Using the formal expression (5.6), it is possible to build a mean field
theory and to draw some analogy with the BCS model.

Let

Mo o) = [Apr(o - 0)) = A(pr(o +0')]/2

where /1 is the Fourier transform of some rotational invariant effective
potential A (not to be considered as directly related to the initial potential),
and define

VBCS=—dedtjdcodw’/l(m;m’)/l“l vy - (5.7)

X, 1,0 x,t,fu)l//x,r,(u' X, 1, —

and try to analyze | (exp —Vgcs)P(dy). Here A is a normalization
constant formally equal to d,_,(0) if 6,_,=0 is as defined in (4.7): it
disappears from the calculations eventually and one should think of it as
defined in terms of some cutoff parameter.

The idea behind the model (5.7) is that it represents an effective poten-
tial describing the system, after integrating out the ultraviolet modes and
on some very large scale 2 /p;': then 5, ,(0) is (27 "ps ") ", so that
A~ == Dpd-1

One tries to find the Schwinger functions for (5.7) by assuming that
one can replace ¥, , V., _, by its average in the distribution const-
(exp — Vipes) P(dy), setting

Vo ¥rro =00 +0") V(o) (5.8)

where V(m)= —V(—o) is considered as unknown and to be determined
self-consistently by using

[ PISP@Y) Vs wVsie
5 e~ VBcsp(dl//)

dw+o) Vie)= (5.9)
with
1

Pacs= =3 | dxdt [ do [w(@) U1 ¥, o+ W(©) Y, _o¥5,0] (510)

where, regarding A(®; ©’) before (5.7) as defining a convolution operator
K, the function w(w)= —w(—o) is defined by

w(e) =j V(o) Mo; o) do’ = (KV)(o) (5.11)
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The best way to evaluate (5.9) is to make use of the formal functional
integration representing P(dy) [see (5.6)] and thus considering, for
(k)l > Oa

—W oV T ot WY DoV TV oY eate VoW i o)
(5.12)
with ¢, =¢(k, ®), e _ =e(—k, —o).
The (5.12) can be rewritten, dropping at places the o dependence to
shorten the notations, in terms of

wkm )(pOku)+S(k)(plku)’ lﬁ,:w=c(k) ¢J:k,m+s(k)(plv,k,w
l//+k N S(k) qDOkm+C(k)(p1,k,w’ w:k,—w: _S(k) ¢J:k,m+c(k)(p;k,w
(5.13)

with (k), >0 and s, ¢ are defined, if n = [e(k, )+ e(—k, —®)]/2, by

s(k) uk) o

O=wy Ty

, Lelk)* —s(k)*Tw —2ne(k) s(k) =0
(5.14)

Note that ¢, = —ikyA(k, ®)+ A'(k, ®) with A =a(k) + fokd(k) and 4’ =
b(k) + Boke(k).
We find that (5.12) becomes, for (k), >0,

gy = c’e(k, ®) — s’e( —k, —®)+ 2wes
tolk, @) 95 @5 +e1(k, @) @ @ {

g =c%(—k, —o)—s%lk, o)+ 2wes

(5.15)
ie, gg= —ikoA(k, ®) + Bk, ®), &, =ik Ak, ®) + B(k, o), with Bk, )=
(¢*—s%)n + 2wes, and we can easily compute

V(@)=Y oV w?

dk
j (27)7* [s(k, @) c(k, @) (P 10Poro’ T <P toPlie)]

dk 1 1
=[Gk ek (Gpeg) s

One can see from (5.14) and (5.15) that the sign of Bsc is the same as that
of w, so that (5.16) becomes

J w(e) |B(K)|
(2n)d+1 [7” + w(w)*]"? k2 A(k)> + B(k)*

(5.17)
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In (5.17) the large values of k do not matter too much because the func-
tions A4, B, n diverge fast enough for summability. Therefore for d=1,
using 4(0) =1+ O(k?), (k)= pok + O(k?) and assuming for the purpose
of an example Aw, o' )=oww'V, and if V(w)=wV, w(w) =V, Vo, the self-
consistency relation {5.17) for V becomes

LN _jﬁ__l____
Voo AP+ vIY”
- dk 1

- J dr [(k* — p2)*2m+ VZV*]V? (5.18)
and the rhs has been obtained by changing variables from k to k + pro.
Equation (5.18) is formally the well-known BCS gap equation'® (usually
written calling V?V:=4). Equation (5.18) is a self-consistency equation
which can be solved under the hypothesis that the potential is attractive
[ie., Ax—y)<0, implying that V,<0] and not soluble if it is repulsive
[ie, A(x—y)=0].

For d>1 the situation is very similar and one expects that the
self-consistency equation will be soluble if the potential is attractive: rather
than performing a general analysis of (5.17), we show the truth of the
above statements in some special cases. The basic remark is that
{ (dk/In))(1B|/k3A* + B*) diverges near k=0.

Consider first the J-model:

Mw;0)=V,i[o—o)—5o+ao')] (5.19)

corresponding to a potential with Fourier transform such that
AMpp(m—@'))=V,5(0 —’). This is a singular but interesting case; the
self-consistent V is easy to calculate explicitly and, if @, denotes the z com-
ponent of @ with respect to a pre-fixed z axis, it is V(o»)= [sign(m,)]V,
with V being a constant defined by the equation

1 —f d*k { |B(k)]
Vo o 4 Qr) 2+ (VVe)* 12 k2 A(k) + B(k)?

again very similar to the BCS gap equation, and which has nontrivial
solutions in the case V<0, i.e, if the interaction is attractive.

A second interesting case is the P-wave model in which the Fourier
transform of the potential is A(pr(® —0'))= —3(®—o')> V,/2, so that
Mo; o')=3wo’'V,; in this case we find that w(w) is a P-wave function
w(w)=3w,VV,, where V is the (unknown) coefficient of the P, Legendre
polynomial in the Legendre expansion of V(®):

1 _j sin Bdé)f d‘k 3cos? @ |B(k)|
v, 2 et P4 ViV cos2 9) 2 A(k): + B(k)?

(5.20)

(5.21)
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which again admits a solution only if V<0, i.e, only if the potential is
attractive. It is the extension to P wave, in our spinless mode, of the gap
equation. Once V', is determined, the other coefficients of the Legendre
expansion of V are trivially determined by (5.17), whose rhs becomes a
wholly known quadrature.

More generally, one should remark that the function A(w; ®’) can be
expanded in Legendre series:

Moo)= Y @+1)L,P(0- o) (5.22)

I=odd

and one easily checks that the condition A(x —y) >0 implies that 4,2 0. In
fact one regards the A(®; ®') as a convolution kernel K on the odd func-
tions on the sphere and checks that its quadratic form can be written as

(f, Kf) = f AX) |Fx)2dx =0 if Fi(x)= j e () do  (523)

on the other hand, A, are just the eigenvalues of K as a convolution kernel
(which has the spherical harmonics as eigenfunctions).
The gap equation (5.17) for a model with finitely many waves

AN+ 1
Mo,0)= Y @Q2+1)iP (o) (5.24)
/=o0dd
becomes, as it is easily checked, a system of N equations and N unknowns
which determine the first N Legendre series coefficients of V(w); the other
coefficients (infinitely many) are trivially determined in terms of the first N.
The reason for this simplification is that w= KV, and KX in this case has
N-dimensional range spanned by the first N odd Legendre polynomials:
hence the rhs of {5.17) is wholly known once the first N components of V
are known (because KV =w depends only on them).

We should therefore expect that perturbation theory can be consistent
only if the interaction is repulsive and this will be an important guideline
in the coming analysis. Furthermore, in some sense only the components of
the quasiparticle potential corresponding to waves that appear in the initial
interaction should be relevant: they are the ones that determine the
self-consistent solution.

The above analysis shows, in our opinion, the interest of the new
notion of quasiparticle. Hence we are motivated to provide a definition of
the Fermi surface in terms of quasiparticles.

We simply look at the truncated Schwinger functions S ,, considered
at the end of Section 4, with ultraviolet cutoff at p, and infratred cutoff at
2"p,, for the ordinary fields and defined with the obvious changes for
quasiparticle fields. '
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In the free case they can be easily computed from (5.1) and from the
analysis of Appendix A.

We investigate the Schwinger function S, ,,(x — y) in the presence of
interaction in terms of the free and interacting quasiparticle Schwinger
functions g5, (x —y, ®) d(@— ') and S ,)(x, ®, y, ®). In this case the
function S, is defined in terms of the effective potential via the obvious
generalization of formula (3.9):

S(?h)(xa o, ¥y, ('0/)
:g(>h)(x_y’ (1)) 5(m_w/)_JdZ dZ/eipF((nz—w’z)

X g(;h)(x_za ) Vél}‘lf)(za 0,z,0) g(>h)(z’ -y, ') (5.25)

where the coefficient exp ipo{®wz—®'z’} is extracted for convenience, as
suggested by (5.3), from the kernels defining the effective potential, which
we introduce via the relations

o VEWw) =jp(dll/(h+1) Ayt

x exp[— VO + "t 42 0] (5.26)
We now suppose that
Vi(z, @2, 0)=2",8(z—2') +2,0(z — 2')(if'0' — 4'/2m)
+ (,6(z—2)0, +wi(z, z') (5.27)

where 0/, &', and A’ are differential operators acting to their right on the
z' variables; and we see that the reconstruction of the Schwinger function

Siemx J’):j {exp[ —ipp(ox —@'y)]} Sienx, 0,3, 0)dodo’ (528)

leads to
S(;h)(X—y)
N g(;;,)(x—y)—fdm’ dz' gsp(x—z') exp[—ipro’(z' —y)]

x [2", + o, (ifo'd— 4/2m) +(,0,] Eenlz —y, @)+ -
=g(>h)(x_y)

= | 8om(x— V2%, + L0, + a,(— A = pR)/2m] gianlz ) dz
(5.29)
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and in Fourier transform
Ssmk) = smk) = §n(k) &5 mk)
x [2%v, + i —iko) + o, (k2 — p2/2m)+ -] (5.30)

But by our construction g, (k) has a singularity, at the Fermi surface
when h— —oo, ie, for k,=0, k| = pg:
L —exp{—2"[kg + (k* — pz/2m)’]}
—iko + (K* — p/2m)

(5.31)

Hence we see that the singularity at the Fermi surface, ie., at k,=0,
|k| = pg, is not changed if

V7w=0, Cfooza"—oo (532)

provided v, — 0 at least as fast as 2%, ¢>0.

This can be interpreted as saying that the S ,, function has the same
behavior at oo as the corresponding function in the free case, provided the
remainder gives a less singular contribution; this happens if the contribu-
tion of the remainder w,(z—z’) to the effective potential is supposed to
have a Fourier transform (k) uniformly well behaved near k,=0,
|k] = pr and vanishing there to first order: -

f dz =y (2 — 2') dz’ = Wh(k) = W)(ko, K)

Wi(Po, pr@) =0, 6—%(1)0, P®) =0, (5.33)
P
a At
P Wil Do, PO) =0
Po p=pr
po=

Our definition of existence of a normal Fermi surface and of the mass
of the quasiparticles is based on the above heuristic arguments:

Definition 1. We say that there is a normal Fermi surface of
radius pp and there are quasiparticles of mass m if the part of the effective
potential on scale 4 and degree 2 in the fields (i.e., the part connected with
the interaction propagator) satisfies

Lov,>0; 0, {,~>{,.

2. wy(z—z') is a distribution with Fourier transform uniformly
regular within a momentum layer of size O(2!' ~?"p,), for some
¢>0, near k= (0, k) with |[k| = pr, and satisfying (5.33).
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In fact, we think of property 1 as the weakest definition of a normal Fermi
surface and quasiparticle mass, and we think of the pair 1, 2 as a stronger
version: we refer to the two possible meanings by saying, respectively, in
the sense of definition (1, 1) or (1, 2).

Note that it would be perhaps more satisfactory to require property 2
for a layer around the Fermi surface of width O(p,)} rather than
02" ~®"p,): however, we are unable to study this stronger property, and
the reason is quite fundamental (Section 11). The physical meaning is that
the pair Schwinger function behaves as the free one (with the correspond-
ing Fermi surface behavior) only if we look at distances which grow very
large with the infrared cutoff. We must therefore couple the thermodynamic
limit with the computation of the correlation function: for fixed >0
(a priori), the correlation has to be computed at distances between L'~ °
and L if the system is confined in a box of size L and if we want to see the
Fermi surface singularity with no corrections.

Setting 42 =kj+ (k*— p%), we develop, in Section 12, an expansion
for the Schwinger functions implying that the corresponding expansion for
the function wj(k)/4'*¢ is bounded uniformly if p2" <4 < py2"1~* for
e<1/4.

We also show that all the effective potentials (connected with the
many-body Schwinger functions) admit an expansion in powers of a,, {,,
v, and of a fourth running form factor 1,, which is a function on (Sg)*, S¢
being the Fermi sphere. The expansion has coefficients bounded, to order
n, by n!, using the supremum norm to measure the size (see Section 9)
of 2,.

Furthermore, the v,=(v,, %), {,, 4,) are given by a formal power
series in v, . 4, ¥, ... with coefficients bounded by n!:

¥, 1= AV, + BV, Vi yq.m) (5.34)

with A a diagonal matrix with diagonal (2, 1, 1, 1) and B, called the beta
functional, given by a formal power series in its arguments v.

Hence we have a way to define what we mean by a perturbatively
well-defined normal Fermi surface and quasiparticles.

Definition 2. Consider the relation obtained from (5.34) by trun-
cating B to a given order p in its expansion in the v’s. If the new truncated
relation generates, for suitably chosen ¢, v, and for given {,=0 and 4,
small enough, a sequence v, bounded uniformly and such that v, — 0 and
a,—{,— 0, then we say that perturbation theory is consistent up to order
p and that, to this order, the normal Fermi surface exists together with
quasiparticles of mass m [in the sense of definition (1, 1)].

822/59/3-4-3
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In Sections 6-13 we develop a general perturbation theory aimed at
studying normal Fermi surfaces.

But there is also a natural notion of anomalous Fermi surface: we shall
see in Section 15 that one-dimensional spinless systems show anomalous
Fermi surfaces and that our formalism can be easily adapted to the theory
of such anomalous Fermi surfaces.

Without entering into a heuristic analysis for the purpose of motiva-
tion, one can say that a system has an anomalous Fermi surface when the
numbers «,, {, approach a singular value (ie., co) in the limit £ — —oo.
Setting Z,=1+{,, we say that the anomalous dimension of the Fermi
surface is # if Z, >= 27""; see Section 15 for a more precise discussion.

Our analysis does not extend to the theory of anomalous Fermi
surfaces in d>1 systems. However, it seems likely that systems with
short-range repulsive forces show normal Fermi surfaces if d>1; see
Section 14. At the same time, when d> 1, new interesting phenomena
become possible, such as the concentration of the interaction in the Cooper
pairs of quasiparticles and the relevance of the interaction sign.

6. RELEVANT VERSUS IRRELEVANT

The flow of the effective potential will be analyzed by using the
methods of the renormalization group.?¢*®) We begin with

VO = V=) 4 vo N <) 4+ 0o T V) +const— (6.1)

and as a first step, to adhere as much as possible to the formalism of
refs. 16 and 17, we rewrite (6.1) in terms of Wick ordered expressions in the
quasi particle fields, and of the covariant derivative operator P~ =
(0., 0x File/2pp)A)=(D,, D 5 ):

2
VO = [ dxdt ] do, (vo+ ) e ==yt Ly

X, Lo 7 X, 102"
i=1

2
+ jdx dy dt H dmiﬁl(x—y) g PR(@IX —ay). ) + l//y_,z,wzz

X, o
i=1

2
+ de dt OCOB H dwieipF(mfmz)X. + i(!)z@mzw;t)mz:

Y x, 10
i=1

4
+ fdx dy dr H dml_eiPF[(ml*‘”4)7“((1)3—0)2))’]}'0()(_y)

i=1

X W oWy oWy o e (6.2)
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where we write & for 2, and g(x,, @)=Y _ g.(X, 1, @) is defined by
(4.5); rotational invariance is used, and we set

Vo= _220(0)Jg(0’ 0, ®) do, io(k)=fdx do(x) e~k
(6.3)
\71(1)2 2 J‘ g(Z, 07 0)) )“O(Z) e*ipra)z dm

Here, as well as in the following sections, ®, will often be regarded as a
four-vector with vanishing ¢ component.

The use of Wick ordering could in fact be easily avoided; see
concluding remarks of Section 10.

While (6.2) looks quite complicated, it can be split into two parts
which will be called, respectively, relevant and irrelevant.

The relevant part of V@ consists of the local part V? of V© defined
by

V£°)=J ]_[ do, dx dt (vy+ V) ePFle—ovx; -

X, l oV x, 1m0
i=1

2
+ j H do,dxdydtv,(x—y) g PF(w1X —a2y)

i=1

X lﬁx t (1)1( ;z ) + (y—-—X) @wzl//;,t,mz):

XY(X)?

2
+ aoﬂf ﬂ dx dt ePF @1y b i@, D,

~ [axar H de,; ePFOIT @000 (o 0, 0y, 0,)
i=1

X th(x)l xthlp;t,cmlp;,t,mq: (64)

where we have set, or we set for later use, (@ — ') = 1o(pp(0 — ') and
Vo=Vo+ Vo + j ¥,(z) e?F dz

do=0y+if '® j e"rOy (z)z dz
Aol®y, @y, 03, @4) = —%Uvo(mz — ;) — 20((’)1 —s)

P

—'20((02 —(!)4) -+ /{0((’)1 —(‘04)]
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Hence the relevant part of the interaction can be written as

2
Vo = \TOJ [T dedxd e =%y e o

i=1

2
+ 4 [ T dodx dr @0yt (B0, T, d7, )
i=1
4

— J-dx dt H do,; eTF@F @03 —00x) (@, 0, Q)

i=1

X :lp;:t,ml :,t,(oz ;l,m3l//;t,m4: (66)
So the initial potential V' is split as
YO =y yo (6.7)

and the reason why we call the first relevant and the second irrelevant will
become clear later and is at least twofold:

1. We shall see that if we set V5’ =0, we find no more and no fewer
difficulties in developing the theory of the flow of V', n= —1, ~2,....

2. The V9 will turn out to be composed of three marginal terms
[the Ay term, the &, term, and the {, term, see (4.12), which is initially
zero] and one relevant term (the v, term), while the V' will only contain
irrelevant terms, the above words being used in the sense of the renor-
malization group theory.*¢™'®)

7. LOCALIZATION OPERATORS

We follow the methods developed in refs. 16-18 to analyze the flow of
V® as h— —oo. Therefore we must introduce localization operators
which, acting on a potential V" expressed as a sum of Wick monomials,
turn it into an expression like (6.6).

We shall operate on Vs which are written as sums of integrals of Wick
monomials P in the fields, multiplied by regular (i.e., nondistributions) ker-
nels W generated by well-defined rules (Feynman diagrams). The kernels
depend on the field labels and the first space-time label x of the first field
in P will be called the localization point of the monomial P. We adopt
systematically the convention that x= (x, ).

Each of such integrals is an expression O, which will be called an
operator contributing to V'), If the Wick monomial depends only on fields
computed at the same point, then we say that the operator is local. The
kernel W is called a form factor for O p.

The most convenient way to define a localization operator %, acting
on such Vs is to describe how it acts on the elementary monomials P and
extend it by linearity.
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The action of %, on the operators will be analogous to the operation
described in the previous section in going from V' to V%, which is a
localization in a strict sense, i.e., it turns some nonlocal operators into local
operators.

The Wick monomials that we shall consider will be monomials in the
local fields y(SM*,

DY = [0, 0+ 10200 ATYE = (9, Do) P3P
and in the nonlocal fields:
D(<h)+ — (l//(<h l//(<h)+)

X X

;(;mh) (w(<h)f ¢(<h)f ( ) lp(<h)~)

(7.1)
2(<h <h)— <h)—
Sx(x<u)) @l/l( ) @,//( )
(<h _ 2
xl(;zxgx,uu - (x3 ) Sx;xzn)

where we call sites of the nonlocal fields the set of space-time indices
appearing in them. We can similarly define the nonlocal field components
DY, Sin, etc., using Y™, 2y ™ instead of <P, Py <h,

The operator & =2 ~ is the covariant derivative operator introduced
in the previous section; see (6.2). The fields D, S* are thought of as
emerging from the point appearing as their first space-time label.

If A® B™ are two of the above fields and d, denotes the vector
joining the first two sites of 4 or the tensor formed by the two vectors
connecting the first site to the second site and the third to the fourth (if
there is only one site, d,=1), we see from (4.5) and (7.1) that the free
Schwinger functions (A*B™ > have the form

<A(h)B(h)> = Q(ta+ 1/2)hy (r5 + 1/2)h(2hdA)yA (zth)YB ng (7.2)

where 1, =0if Aisy, D, S*, 8% 1,=1if A is @\, S?; and y , is the formal
order of zero of 4, i.c., the homogeneity degree of 4, (here d is a notation
for a tensor with 7y, indices); g7® is a function (with some small
dependence on /) of the set of sites of 4 and B scaled by 2% Given any
Wick monomial P in the above fields A, we define
zp= Y. 7,= {dimensional gain of P}, dp=[] d
AeP AeP

6%= -2+ Y (3+1,)= {scaling dimension of 0 ,} (7.3)

AeP

dp=—2+ ) (3+714+7,) = {dimensionof O,}

AeP

with d,, a tensor with z, indices.
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The above dimension-independent power counting arises from the fact
that the particle propagator singularity is on a surface of codimension 2
(namely, the Fermi surface k, =0, |k| = pg), independent of d; see also the
comments after (10.9) below.

Thus we see that the operators in the relevant part (6.6) of the interac-
tion give rise to operators O with nonpositive dimension, while the (non-
local) terms of the irrelevant part of the effective potential are operators
with positive dimension.

In fact, we can write the irrelevant part [defined as the difference V'§’
between ¥ © in (6.2) and V{» in (6.6)] by comparing (6.6) to (6.2), via
(6.5) and (6.3), and getting

xo1 ™ yxwy®

yo - f dx dy dt do, d, ¢"F @~ %5 (x —y)ap + S!
¥ f dx dy di do, do, do, do, ePFLE - eoxt @=e0yl) (v v

—1 - -
X 2 ( xt(x)l ytxlo)zwytuulpxt(m; + l//xt(:.)l xI(x)sztxtm3 Xtwyg®

+ D;yt(x)l ytmzwytnu‘/,xtuu + lﬁytml ytmzwyle, xtytuu) (74)

To describe the action of the operator .%,, we consider first the case
when it operates on Wick monomials in the fields (7.1) of degree four.
In this case we define, if #,=1— %

“ZI x1w1 xzwﬂ/’x;m; xj;um
—1 —
=2 Z lpxjml xju)zlpx/(xn x](o4
Jj=1,2
%h l//xlml xzmzlpxgm; ;wu (75)

- { lﬂxlml xlemglpxyng X404
+ lpxlm( xlszx3x1(o3 X404° s l//xu.ul X102 x1w3Dx4x1(n4: AS

where AS means antisymmetrization with respect to (x;, ®,) < (x,, ®,).
The operator & is extended by linearity to the other monomials of fourth
order. It turns out that . annihilates all the fourth-order monomials with
more than one nonlocal field or with one nonlocal field. Otherwise

'@ l//xlml xzxz wzlpx;um x4(x)4

_ + + l// -
Y x1mp X2X202 7 X303 x4(1)4
- + - - .
(szxz gol] x2m2¢x2m3 Xpmy4* + lpx; (J)lezxzu)z X203 Y x304°

D- N D) (7.6)

+ ‘//xz ‘wg xz w3 xpxpy w3 xyme” i+ l//xz ‘) T X P xrw3 T xpx0 04"
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g lp)qml xzvz mzwnm} X4(n4
— l/l - aof+ + - - .
YV xpm) xzmz X203 7 Xp04° VX T x0T X237 Xrmg”

The action of .%, on the monomials of degree two is generated by

hwm,l eyt = lﬂxlml(lﬂ;wﬁr(xz*xl)glﬂ;mz)i (7.7)

We now consider the second-degree monomials generated by multiplying
or DF by a local field ¥ or 2y . or by any of the nonlocal

lel XIXZ(I’Z X302 X302

fields of minus type in (7.1). The operator %, transforms each of the above
(12) monomials into a combination of the others. We write 1 for x,, 2 for
x,,etc, and we shall not write explicitly the quasimomenta ; of the
plus-type fields and @, of the minus-type fields. Then one easily finds that
the action of # on the monomials on which it is not the identity and of &
on the same monomials is

LY Dy = DY

Lp [ Dyyi=(xy—x3)% [ DY

LDHY = =Y (=X )W DY = (X)W DY,
LDLDYs = DYy = DYy

LDED = (x5 —x)(Y DY = DYy )

RY T =S (7.8)
Ry DYy =S5

RY D= S+ S5,y

RD LYy = D58+ TS+ WSS
RDLNDY;:=DHSL:— S

R:D5D5:=D St + DSt + W5 S35

The above definition of the action of %, on any V which is a sum of
integrals of Wick monomials in the fields (7.1) produces term by term a
result of the form

de do, do, e 1= [y(o, 0,)y ]

x ] xwz

+ a((‘ol» 0)2) wxmxgw;wz + C(mlz "‘)2) l//xml l//xu)z
4
+f prort o =os=oX gy TT do, Mo, 0,5, 03, 04) ],
i=1

xm) vmzw’c(mw;m‘;

(7.9)
where, of course, each term produces only one of the above addends.



578 Benfatto and Gallavotti

The collection of all the contributions of the form (7.9) obtained by
acting with % on V'™ will be written
Vih) - ‘[ g'PF(@1—o)% gy d(x)l d(oz (2hvh:‘//(<h)+¢(<h)_

Xy xan

+ och:l//ii?”iﬂwz@mzt/fif,f":+C YY)

_j ipp(o) + @, — @] — ))x dx H d(l) d(l)

i=1
X Ay, @y, 0f, @) SIS TS (7.10)

X X®)

It is important to notice that in (7.10) v,, «,, and {, are independent
of ®,, ®,. This follows by observing that the effective potential could be
calculated by doing the integration over the fields ™, n> A, in a single
step [see (4.12)], without introducing the fields ¥ %, . Of course also the
dependence of 4, on the @’s has to be somewhat special to reflect this
gauge invariance property; see also Section 14.

Then the part of V'™ of degree two in the fields must have the form

[ dx dy wyx—yyw v

= f dx dy do, de, e¥rex =)

xwix =) S S T H (= x) DS+ S, (71D

with w, being a suitable rotation-invariant distribution.

Acting with %, on (7.11), one immediately finds the validity of the
claim about a,, v,, {,.

The constants v,, «,, {, together with the function 4, will be called
running form factors on scale h. The v, will be said to have scaling dimen-
sion 1: and to remind us of this attribute, its definition contains the
factor 2”. The others will be said to have scaling dimension 0.

The result of the application of %, on V' gives rise to an irrelevant
part of V' defined by VP=v® —yh,

We shall denote for each h <0 the running form factors as

V= Vi, %, $is A) (7.12)

and we do not call them running couplings, except if d=1, because 4, is
a function; hence they correspond to infinitely many parameters per scale:
the name running coupling usually denotes finitely many constants per
scale.
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To understand the meaning of the operations ¥ and # and their rela-
tion with the heuristic considerations of Section 3, 5, we write the result of
the action of %, on the lhs of (7.11) as

[ Lo =g == by (—d = p2yw Tax (113)

while the 1 —.%, operation yields, for a suitable choice of the distribution
w},(x - y)a

[ wie—y)y =y =n= dx dy (7.14)

The distribution w), can be easily computed from (5.2), (7.5}-(7.8), and
(7.11) and is trivially related to w,; see (7.16) below.

Hence we see that the second-degree part of the effective potential on
scale & can be written as

[ Capy =g =0 4 by (0% (— a4 p3) (=~ T ax

+ [ Wil ) WLy dx dy (7.15)

The distribution wj,(x —y) has a Fourier transform at momentum
(ko, k), which we write Ww),(k,, p?), with p>=k? to take into account the
rotational symmetry. It can be easily verified that

wh(ko, k) =W,(ko, k?) —,(0, pt)

o,
— (=) TEO P~k T 0,01 (116

We see, recalling (3.11) and (5.27), that, in order to check the
existence of the Fermi surface, we have to verify the existence of w,(x — y)
and a fast enough decay at oo: what is needed is that w,(k,, k*) is so
smooth that, near the Fermi surface k=0, |k| = pg, the rhs of (7.16) goes
to zero faster than |k| + [k?— pz|. See Section 11 for a further discussion
of this point.

It will be clear that (7.5)-(7.8) are overdoing some subtractions. In
fact, the basic bounds of Section 10 would work if instead of insisting that
&£ and & be linear operators, we just defined them as operations whose
action on a linear combination of Wick monomials is defined by acting in
a prescribed way on each of the monomials and taking then the same linear
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combination. The latter procedure would be possible provided the effective
potential expression in terms of Wick monomials is produced according to
well-defined rules (as will be our case). The results would, of course,
depend on the particular path followed in the construction in case the
latter contains arbitrary choices. The price we would pay would be that we
could no longer be a priori sure that the gauge invariance property intro-
duced after (7.10) holds.

The advantage would be a simplification in the structure of ¥ and #:
for instance, we could simply define % be (7.5) on a product of four fields
Y * and set the # in (7.6) simply equal to 0, i.e., set . to zero when acting
on fourth-degree monomials with dimension d > 1; similarly, we could set
¥ equal to zero on the terms of (7.8) with dimension §,> 1 and we could
set L(DLYs ) =(x,—x,): 2y rather than using the more com-
plicated expression in (7.8). The bounds in Section 10 would work without
change.

In Section 11 we adopt partially this viewpoint, i.e., we modify the
definition of %, giving up the linearity by setting it equal to zero in the
cases (7.6); but we shall stick to the basic definition (7.7) because giving up
the gauge invariance in the terms of second degree would, in the long run,
produce disadvantages which would become overwhelming. It might be
interesting to know whether the ideas of ref 34 could be useful in this
context.

8. GRAPHICAL INTERPRETATION

We start by representing graphically the various terms of the relevant
interaction V9 in (6.6):

| 3] @ D ©3 oy 3 (81)

representing, respectively, also the three integrands in the rhs of (7.10) (we
say that they are three and not four, because {,=0). The superscripts
remind us of the meaning of the lines as fields. We call the three graph
elements in (8.1) the local graph elements.
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The irrelevant part of the interaction V9 [see (7.4)] will be repre-
sented similarly:

) st- w2 @y D~ @3 W) D- o3
B O+ L + ~H +

(8.2)

with a self-explanatory notation, allowing us to identify unambiguously
each term in (7.4); the dots refer to the graphs representing the last two
terms in (7.4). The circle denotes the fact that the nonlocal field D or S*
has as indices the two points which it joins in the graph. The nonlocal
fields D and S*' are regarded as emerging from the point corresponding to
their first label, i.e., the point in the picture from which the line labeled D
or §' emerges.

We can find also a natural representation for the action of the (1 — %)
operators; in fact (7.5) yields the following picture:

w? ) s
7 o) w3 (B¢ (\k br ®3 w] D 3
Ay, —— = L + o=
4 ®4 o4
w2
+ w) . w3 + '(AS)
-
w4
(8.3)

where the dots refer to the three similar graphs representing the other
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terms in (7.5), due to the AS operation. Moreover, the relations (7.8) can
be represented as

R, 2l P2 S S { }——4———51 o2
Ry = N = N N
R, = O = O

st @2 o) §3 (233

(8.4)

In similar way we can represent the action of %, on the more com-
plicate second-degree monomials involving D™ in (7.8) or the action of £,
on the fourth-degree monomials (7.6). We do not report the corresponding
diagrams, which the reader can easily imagine.

Finally, we can represent the relevant part of ¥ given in (7.10) by
(8.1} if @ over a line means either 2, or i+ Z,. This unification in the
notation is very useful, as it simplifies considerably the graphical represen-
tations.

9. THE BETA FUNCTIONAL

The beta functional is defined to be a function B, such that
Va1 = AVt By(Vi, Vig 150 Vo) (.1

where A is a suitable linear transformation trivially operating as a multi-
plication by a suitable constant (1 or 2) on the four running form factors
of the relevant part of V® [see (7.9)]: v, = (v4, o, {p» A)-

We apply the methods developed in refs. 16-18 to study the functional
B. We assume that the reader is familiar with the structure of the tree
expansion.!” We refer to the literature for the motivation behind the
definitions below.!%1¢)

The tree expansion provides the recursive expression (9.1), ie., essen-
tially an expansion for the relevant part .%, V' of the effective potential on
scale / together with an expansion of the remaining irrelevant part %, V™
in terms of the form factors v, ..., ¥g.

It is obvious from the definitions of ¥, # of.Section 7 that this is
possible: in fact, this is a purely formal statement and it holds whether we
consider the definition (7.6)—(7.8) of # or the modification suggested at the
end of Section 7 or the other modification introduced later in Section 11;
see {(11.7). Below we only describe the result for the first definition of ¥ in
Section 7: its proof is inductive. We skip all motivation steps, as the for-
malism is identical to the one introduced in refs. 16 and 17 and in ref. 18



Perturbation Theory of Fermi Surface 583

in the case of the bosons, and we wish to avoid a very long repetition.
Nevertheless, we stress that in principle what is described here is
self-contained. If one has enough faith to read the definition of the rhs of
(9.1) (to which this section is completely devoted), then it is very easy to
check by induction that (9.1) is in fact correct with our expression for the
rhs. The adaptation of what follows to other definitions of % is immediate.

Let & be a tree with m endlines, and let v be a vertex of 3 bearing a
Sfrequency or scale label h,.

The beta function is associated with trees like

(9.2)

in which the first nontrivial vertex has frequency index # and bears an
L-label (meaning that the operation %, _, has been applied to the function
of Yy~ symbolized by the tree without the label L). All the other tree
vertices v carry a label R, meaning that the operations %, =1—9, _,
have been applied (see below).

The trees form a partially ordered set of vertices where the root is the
vertex to which the index #—1 is attached: the frequency indices strictly
increase as one moves monotonically from the root toward the endlines. In
practice we write trees as in (9.2) and orient them from left to right.

If 3 has m endlines, we label then 1, 2,.., m from top to bottom: we
identify trees which, before the labeling, are topologically identical and we
imagine selecting with some rule one representative tree per equivalence
class, never drawing the others. The labeling is also not arbitrarily set
down, but we label the points from top to bottom (say): hence one can
estimate thét there are only <2*" trees, in the above sense, with m
endlines.

Each vertex v € $ can be thought of as the first nontrivial vertex of the
subtree §,< § with root at the vertex v’ preceding v in the ordering of 9.
The m, endlines of the tree 3 define a subset of the set of endline indices
which we call the cluster associated with v, or the cluster v. So the clusters
with higher frequency have smaller size, and if v’ precedes v in the tree par-
tial ordering, then v’ is actually larger in size; i.e., the tree ordering is, in
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terms of clusters, according to decreasing size or scale and to increasing
frequency.

Our purpose is to introduce the notion of scaling decomposition of a
Feynman graph: it will be described in terms of ordinary Feynman graphs
carrying a rather large number of extra labels which are meant as
reminders that the calculations of their values are suitably modified with
respect to the usual way of computing undecomposed graphs. We shall call
the new objects simply Feynman graphs to avoid a proliferation of names.

To each tree 3 one can associate a set of 3-compatible graphs. This is
done, as already suggested by the graphical representations of Section 8, as
follows.

1. Associate with each endline 1,2,..,m of $ one of the graph
elements introduced in (8.1) and (8.2), appending an extra label 1, 2,.., m
to all the space-time labels already appearing in them: this is done in order
to identify to which of the m endlines they have actually been associated.
We call the vertices in (8.1) relevant vertices, because they correspond to
relevant operators in the sense of Section 7. A cluster of endlines is thus
also a cluster of vertices and hence of space-time points. In this way we can
think of the clusters associated with the tree vertices also as clusters of
space-time points ordered hierarchically by inclusion.

2. Connect some (up to all but two) of the lines in pairs, allowing a
pair of lines to form a single line only if the directions of their arrows do
not come into conflict. We thus form a graph G.

3. For each vertex ve 3 we can consider, as mentioned in step 1, the
set of space-time indices of the points in the graph elements associated with
the m, endlines of the cluster v: thus we can think of the cluster of points
in v as a cluster of space-time points which we call the v-cluster.

We enclose into an ideal box the v-cluster together with all the lines
of the graph G which join pairs of points in »: in this way we isolate
naturally a subgraph G, of G whose internal lines are all inside the box of
the v cluster. It is the graph obtained from G by cutting in half every line
in G which joins a point of the v-cluster to points outside the v-cluster and
then deleting the part of G disconnected from the points lying inside the
cluster v; i.e., we delete all the graph elements not belonging to the cluster v.

4. We append to each inner line an index s or # classing it as a soft
or a hard line. If a line A is inner to a cluster v but not to any smaller one,
then we say that A, is the scale or frequency index of A. If the line 4 has one
endpoint inside a cluster v, and the other in v, but not in v,, with v, larger
than v,, then we say that A crosses v,: hence a line crosses all clusters which
contain one endpoint and not the other.
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5. We discard G unless for all vertices ve $ the subgraph G, is
connected and the connection can be realized by considering only the hard
lines inner to G,.

We say that G is compatible with & if it survives step 5: note that the
entire graphical discussion just presented translates some rather simple and
natural geometrical observations and conditions.1¢™'®)

In words, a graph G is compatible with § if it is the union of a collec-
tion of connected subgraphs, hierarchically ordered by inclusion, so that
the inclusion relation provides a realization of the partial order structure of
the tree %, and furthermore the connection properties of G do not change
if only the hard lines are taken into account. The reader should try to make
a few drawings and examples for a better understanding of the above
notions.

The above definitions introduce graphs G with internal and external
lines. Fach internal line arises by joining together two lines of the basic
graph elements.

Hence we shall think of the external lines as half lines and of the
internal lines as full lines composed of two half lines uniquely identified by
the graph elements from which they come.

Then we look at all subgraphs G, of G, supposed 3-compatible, which
have two or four external lines. If v is a tree vertex carrying an R super-
script, we shall add, according to a rule that we are about to describe,
superscripts D or S to some of the half lines emerging from G,.

This is supposed to reflect the application of the operator %, , to the
function of Y <"1 arising from computation of the truncated expectation
symbolized by the tree vertex v.

This is done as follows, and is based on the graphical representation
of the operation %, described in Section 8.

(a) When G, has four external lines of ¥ * type, the %, operation
can be simply thought of as replacing G, with a new graph [chosen out of
up to six as shown in (8.3)] identical to G, except for one of the external
half lines, which is replaced by a D line, and some other external half lines
are thought of as emerging from different space-time points of the same
cluster v. The actual number of choices of modified graphs could be smaller
than 6 when some of the space-time points coincide (in which case some
D field may vanish). We distinguish the choices of the various graphs by
adding a label to the cluster v (say, a number from 1 to 6).

(b) When G, has two external lines, the action of %, also simply
amounts to replacing G, by a new graph (chosen out of up to three
possibilities ), as (8.4) shows. We distinguish the various graphs by adding
a label to the cluster v (say, a number from 1 to 3).
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This completes the description of the meaning of the R labels on the
tree vertices. It remains to explain the L label on the first nontrivial vertex.

The presence of such a label simply means that we discard all graphs
G with more than four external lines. For the others we replace G, by a
few new graphs obtained from G, by changing the meaning of the external
lines according to a prescription similar to the one used for #, but using,
if one wants a graphical representation, an appropriate graphical represen-
tation of the £ operator similar to the ones of Section 8. Each G, is thus
replaced by up to four terms; all of them are local, ic., they represent
monomials P of the form W [, ¥ L W 7 W s Wi W rays OF W 10 DY L0yt

The collection of the tree 3, the graph G, and of all the labels added
to it in the above construction will be called a relevant Feynman graph.

A similar construction can be performed also for trees like the one in
(9.2), which however, carry an R label on the first nontrivial vertex and a
scale index h, not necessarily equal to 4 (but >#). One just treats the
cluster v, as already done for the inner ones. The collection of the tree 3,
the graph G, and of all the labels added to it in the above construction will
be called in this case an irrelevant Feynman graph.

Each of the above graphs [there are O((2m)!) of them associated with
each of the trees with m endlines] will be given a value which is a number
depending on all the indices appended to the graph.

Postponing the description of the rules to construct the value w, 4, we
associate with each graph:

I. An operator O, which is a contribution to the effective potential
on scale £~ 1, and

II. A size, which is a positive number.

The operator O, is simply obtained by multiplying the graph value
with the Wick monomial P formed by the product (in a suitable order) of
the fields symbolized by the external lines of the graph and subsequently
integrating the resulting expression over the space-time points and over the
quasiparticle momenta associated with the fields forming P, and summing
over the frequency indices. In other words, O is the operator with form
factor equal to the graph value, and it is an element of the Grassmanian
algebra generated by the quasiparticle fields (hence it is somewhat
improper to call it an operator: we follow here the traditional terminology).

The size is obtained by considering the graph value w,, and the
integrals

Cny= sup
K2y k2n
@5y W2
5oy dzp

N
j |:Z 22h(xi_xj)2] wh,G(xls-“a Xons (019-"7 mZn)

LJj
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x (exp {i » [k,—(x,-—xn—k,“(x,-ﬂ—xl)]})

j=1

9.3)

where x, is the localization point, x,.., x, are the points out of which
emerge the external lines of plus type, and x, . |,.., X5, are the points from
which emerge the minus-type lines; if some of the external lines are non-
local fields, one has to integrate also over their space-time labels, which,
however, have not been explicitly introduced in (9.3), for simplicity. The
quantity é , is the dimension of the operator associated with the graph, and
d » is the tensor describing the order of zero of the nonlocal fields; see (7.3).
Here N is a pre-fixed parameter: when we discuss the N dependence we
shall refer to (9.3) as defining the C,-size of the graph. In most cases we
need only N=0.

If the graph represents a local operator (i.e., an operator with only one
vertex attached to external lines), the above size involves no integral: this
is the case for the graphs contributing to the beta functional (see below)
and motivates the introduction of the concept.

The value of each of the above graphs is defined as the integral of a
product of various factors over the internal line quasimomenta and the
inner space-time points (i.e., the points not appearing in the external
fields): each pair of half lines forming a full line will contribute to the result
a factor equal to the covariance of the two ficlds symbolized by the two
lines. The covariance will be soft or hard, depending on the label on the
line. If 4 is the frequency index of the line, we use g'=" for soft lines and
g™ for hard lines.

One attributes a phase factor to the above expression: one counts the
parity of a permutation that it is necessary to perform on a set of anticom-
muting Grassmanian fields each of which symbolizes a half line of the
graph elements of Section 8 corresponding to the endpoints of the tree. We
imagine them written next to each other on a row according to the order-
ing inherited from the labels 1, 2,..., m. The Grassmanian fields representing
lines corresponding to the same graph element will be written down in the
same order in which they appear in (6.6) and (7.4), i.e., looking at (8.1) and
(8.2), counterclockwise (say) starting from the left. Then we permute the
Grassmanian fields by carrying next to each other every pair of
Grassmanian fields symbolizing two half lines forming a full line in the
graph, with the object corresponding to the field with index minus to the
left. The noncontracted or external lines correspond to Grassmanian fields
which are not paired in the given graph: we nevertheless bring them, too,

822/59/3-4-4
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next to each other with the plus fields to the left of the minus fields and the
sign in question will be +1, depending on the evenness or oddness of the
total permutation just described. The Wick product of the fields associated
with the external lines, taken in the order reached after the above permuta-
tions, defines the Wick monomial P of the graph. It is the Grassmanian
variable to be used to construct the operator associated with the graph.

A combinatorial factor 1/s,! is associated with every vertex v if s, is
the number of tree branches following v.

The construction of the value continues by looking at the e indices of
the graphs lines and adding to the list of the factors so far associated with
the graph a factor exp (X + pro,x;) if x; is the space-time point from
which field lines (up to four) with quasimomenta ®; emerge. The sign
choice is plus for the lines oriented out of x; and minus for the ones
oriented toward x;.

We also multiply by a factor equal to the product of the form factors
\ corresponding to the graph elements described by the tree endpoints:
each form factor is computed at the frequency 4; to which the endpoint is
linked to the tree § by the respective endlines of 9. A factor 2% is put in
front of every v,,.

Once all the above operations have been performed, we have to dis-
tinguish if we are computing the value of a relevant graph or that of an
irrelevant graph. In the latter case we just multiply all the factors and we
obtain in this way a function of the graph labels, which we call the value
of the graph, after integration over the inner points and the inner quasi-
particle momenta.

If the first vertex bears an L label as in (9.1), which is the case if one
wants to study the beta function, then we integrate over all the space-time
coordinates of the graph vertices other than the localization point of the
graph and over the quasimomenta of the inner lines. We are left, in this
case, with an expression which, once multiplied by the fields representing
the external lines (in the order found when computing the overali sign) and
integrated over the localization point and over the quasimomenta of the
external lines, looks like one of the terms in (7.9) which is the contribution
to the V" of the given tree and graph.

Therefore the tree in (9.1) defines a set of contributions to ¥~ 1
which add up to an expression like (7.10) with A—1 replacing # and
defining what will be called V"~" and the corresponding form factors
v, expressed in this way (by construction) as functions of v,, Vi 1 Voo
This also completes the description of the beta functional A+ B, in (9.1);
and in fact the linear part A is simply

AV, =AWy, W5 $iy An) = (294, 0, $is 4s) (94)
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Following the standard terminology, we say that the coupling v, is
relevant, while the others are marginal; also we say that v, has dimension 1
and «,, {,, A, have dimension 0.

It is the main result of the formalism introduced in refs. 16-18 that the
effective potential on scale 2 —1 is simply

po-ho =g ph-n (9.5)

where V"~1 is the sum of the operators associated with the relevant
graphs and V! is the sum of the operators associated with the irrele-
vant ones. The identity (9.5) is not deep, and it is easily proved by induc-
tion: of course, it is hard to work out the description of the result given
above if one has no familiarity with the tree expansion: however, to present
here the above material in a deductive style would be a word by word
repetition of the work in refs. 16-18 and the reader is referred there (e.g.,
ref. 17, Sections 16-20).

To shorten the notation, we introduce a special symbol E, to denote
the combinatorial factor always present in the graph value:

1
E;= U -57 (9.6)

The reader may think that the above decomposition of V'~ into
relevant and irrelevant parts is arbitrary. The nontriviality of the above for-
mulation is that if one supposes |v,| <e¢ for all 4 [see (7.12)] and looks at
the mth-order terms in the variables v, , ;,..., Vo, then one finds, for suitably
chosen D, C, that their sum can be bounded by the s-independent quantity
m! C™~'De™ And if the size of the operators contributing to the effective
potentials is defined as above, also the sum of the sizes of the mth-order
contributions from the various diagrams is bounded by the same quantity
(independent of 4).

By the definition (9.3), the size C, of the relevant contributions to the
effective potential, i.e., the contributions to the beta functional, from graphs
of given order m evaluated on a given tree 3 is a bound on the absolute
value of the corresponding contribution to the mth-order coefficients of the
formal power series defining the beta functional (9.1): hence a perturbation
theory of the beta functional will be a statement about a bound like
DC™ ! from such coefficients.

The latter statement is interesting because it shows that we have not
really overdecomposed a big number as sum of many small ones: essen-
tially it shows that for the purpose of the bounds on the beta function and
the form factors we have bounded each graph of order m by C” with C
graph independent: this is the best one can hope. It is also the main result
which is proved in Section 10.
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If one modifies the &, # operations in a way which still can be
algebraically represented by formulas like (7.5)-(7.8) (e.g., in one of the
ways discussed in the last remark of Section 7), it is clear that the above
description would be modified only in the labeling procedure. We shall
make use of this remark in Section 11 and again in Section 14.

10. ESTIMATES FOR THE BETA FUNCTIONAL

We consider a general graph G compatible with a given tree 9, with
root frequency s — 1.

Let m,, m,, m; be the numbers of graph elements of the three types
in (8.1). We consider first the case in which there are, in G, only relevant
vertices, i.e., none of the types in (8.2): the latter will not be considered
explicitly and will never pose extra problems. In fact, the renormalization
transformation produces them anyway already in V=V, together with
many other irrelevant terms. Hence it is not really restrictive to assume
that they are initially absent, but it simplifies a little the formal aspects of
the analysis. Thus the graph G will contain m = m, + m, + m, vertices and

2m; +m,+ 4m,;  half lines of type y* (101)
m, half lines of type dy * '

where the type of a half line considered here is its type in the original
clements of the graph; recall that after all the labels have been appended
to the graph some of the lines may change type [see Section 9, comments
(a), (b)].

If G has 2n external lines of frequency 4 and of type , its contribution
on the tree 9 to the effective potential ¥ has, before the action of the
localization operators ¥ and #, the form

|

X Wh(xla"" X413 X205 O,y wZn)

2n

X WL o | dx;do, (10.2)

Y xiep X2n 02"
j=1

and W, may contain some J-functions: we allow this singularity to com-
pactify the notation.
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Hence, for 2n=4, for instance, the contribution of this graph to the
beta functional will be [see the first of (7.5) and (7.9)]

feXP{iPF[mz(xz‘“X1)_(03(X3—X1)—(94(X4“X1)]}
4
><W,,(xl,xz,x3,x4,m1,m2,(o3,0)4) l—I dxj (103)
j=2

Similar expressions with fewer variables and integrals arise when consider-
ing the other graphs, relevant for the beta function, with two external lines
like (10.2) of the types Y "¢~ or Yy T2y .

It is useful to remark here, to avoid repetitions, that even the other
(irrelevant) graphs lead to contributions like (10.2) to the effective poten-
tial: one just has to consider that some of the fields Y are replaced by the
nonlocal fields S', S§2, S° D*; in the latter cases the corresponding
space-time indices have to be thought of as pairs or triples of space-time
indices.

In this section we shall often use the locution integrating over some of
the graph labels: by this we mean integrating with respect to the space-time
labels x = (x, t) and to the quasimomentum labels ® and summing over the
discrete indices such as the frequency indices or the other indices appended
to the graphs in the construction of Section 9.

We want to bound the size of a graph G, (see Section 9, item IT); for
simplicity, we shall consider first the case of a graph relevant for the beta
function for the running form factor 4,. We have to estimate an expression
like (10.3), which we write more explicitly as

Eg J exp{ipp[@,(X; —X;) — @3(X3 — X, ) — 0,(x, — %) ]}

x [T [A,(2;) 2" dx, - dx,,

x { [T do, [explipre, )] 2

/inner
line

Xg1(2h1551)a Oy g5 2h1£§j/)’ (’Jj/,l)} (104)

where Ej is the combinatorial factor (9.6), the ©, are the w’s involved in
the ith endline graph element, and ¢,=0, 1, depending on the dimension
(see Section 9) of the coupling constant of the ith graph element [g,=1
only for the m, graph elements of the first two of the types in (8.1)]; the
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h, is the frequency index of the vertex to which the ith endline is attached.
Moreover, 2"*g, is the propagator of the two fields represented by the two
half lines forming the line / and £,=x;—x, if / is an oriented line joining
x; to x;; g, depends on j,<4 differences of vertex coordinates &{",..., &7,
which are determined from the types of the two fields and from the choice
of the localization monomials in the rhs of the appropriate relation in
(7.5)-(7.8): note, however, that the &' are always differences between
space-time coordinates of points in the same cluster associated with the %
operation that last changed the meaning of / before its contraction. Finally,
1, is the sum of two contributions each coming from one of the two half
lines forming /: a half line of tzype O (ie., line ¥, D, S*') contributes 1/2,
while a half line of type 1 (ie., a line 2y, S? S?) contributes 3/2. In this
way the g, functions are O(1) as 47— —owo [see (4.3), (4.5)].
Let, in general,

n%, = (number of half lines of type ¥ *, D, S inner to the cluster v,
but not to smaller clusters)

n), = (number of half lines of type 2, S, S* inner to the cluster v,
but not to smaller clusters)

né, = (number of half lines of type ¢ *, D, S* going out of the cluster v)

n¢, = (number of half lines of type 2y *, S?, S* going out of the
cluster v)

s, = (number of tree branches emerging from the vertex v) (10.5)
vy,.., 0, = (tree vertices immediately following v)
h;= (frequency index of the vertex to which the ith endline is attached)

Q, = (set of the quasiparticle momenta corresponding to the lines
emerging from the cluster v)

where the label v sometimes will be omitted when v=v,.

We remark that the integration over the @’s corresponding to the
internal lines could be explicitly performed [using (4.8)]. However, it is
convenient to perform first the integration over the x variables and
estimate the result before performing the o integrations.

We split the following discussion into two parts. We first suppose that
the # operation has no effect on the lines of G: in this case only half lines
of type ¥, Py are present [recall that we are assuming that the graph G
is built only of the relevant graph elements (8.1)].

The second case will be when we consider graphs in which the #
operation has produced nontrivial effects, so that the graph may also con-
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tain some lines of the types D, S’ i.e., lines reflecting a space-time localiza-
tion.

In the first of the above cases, given 3, G, let us draw a spanning tree
u inside G consisting of internal hard lines and such that its part inside the
clusters G, of G, associated with the vertices of 9, is also a tree p, of hard
lines; we take u to be spanning, i.e., we suppose that x connects all vertices.
We define the root of u to be the localization point of the graph G. Then,
for every v, the subtree p, will also be a subgraph of G,,.

We compute the integrals of expressions like the one in (10.4) via a
Fourier transform in which we express every propagator by means of its
Fourier integral. If we consider, for the purpose of unifying the notations,
that w, defines a (d+ 1)-vector w,= (0, ;) with a vanishing time compo-
nent, then we see that every inner line 2 will carry a momentum
prw,+ 2"k, and a propagator 2"*g,(k, w,), and the x integrations are
replaced by k, integrations. To shorten the notations, we write g,{k), g,(x)
instead of §,(k, w), g,(x, w), unless the more precise notation is required.

Then the x integrations are replaced by k, integrations and each vertex
of the graph will provide a (d + 1)-dimensional momentum conservation &
function [which are ordinary (d + 1)-dimensional Dirac distributions ] with
the exception of the localization vertex with label x;:

H 5( Z i(zh’kl‘f‘wl)) n 2mitg (k)

all vertices x lines / /€ hard
but x; converging in x

x [T 27%g(k) T1 An(82)2%" (10.6)

{esoft endlines

where k,=0 if / is an external line and the + sign depends on whether the
line / is incoming or outcoming and g,(k) essentially decays at oo as e ~* ¥/,
and is bounded everywhere, while ¢.(k) is bounded by

| &4k, )| < Ce™" /K4 (10.7)

where the singularity at the origin comes from the fact that [see (4.5),
(4.11), (A.6)]

-1

glx, @)=} 27g,,,(2"x, 0) (10.8)

p=—c0

and the decay rate x is &, independent (see Section 4 and Appendix A).
We proceed to evaluate the d-function integrals by using them to com-

pute the momenta of the hard lines: we need one J function per hard line

and we get a volume factor 2~@* D per vertex if 4, is the scale of the line
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! of lowest frequency among those connecting the vertex to the rest of the
spanning tree u; the number of vertices contributing the factor 2~ ¢+ 1A
equals the number »— 1 of lines of the spanning tree. After this has been
done the argument of the propagator corresponding to a hard line in the
tree u will have the form 2~"p.®,+ p, where p is a suitable linear com-
bination of the other graph momenta.

Supposing that the A, functions together with v,, «,, {, are bounded
uniformly in A, we shall bound them, when convenient, by a constant M.
We can then estimate the integrals over the m, starting from those corre-
sponding to the most external lines of the spanning tree yp and proceeding
toward those corresponding to the other lines. Each integration can be
bounded by C-2¢~1% because the g,(2 "prw,+ p) multiplied by
2-@=1" produces an approximate & function on the sphere if C is a
suitably chosen constant (and in fact if | p| # 2 ~*pg, the integrals are much
smaller: a basic fact that will have to be used later). This is correct even in
the limiting case d=1, when the @ integration is just a sum over @ = +1.

It remains to perform the (d+ 1)-dimensional integrals over the soft
line momenta or over the hard line momenta corresponding to lines which
are not in the selected spanning tree p. To estimate the integral, one has to
remark that the momenta which are left after the above integrations are
free integration variables (they are basically the loop momenta) because
the tree u was a spanning tree, and the propagators are bounded by a
constant times either e~ or e *"/k? which are summable functions
[since the integrals over k are (d + 1)-dimensional integrals].

Hence the whole integration process gives a result which can be boun-
ded by a constant per line times a factor 20~ ¢+ D+ @=DIA per line of the
spanning tree u. Collecting the above arguments, we see that we can bound
a graph with no lines generated by the £ action by

EsM™C™ n 2[n§,v/2 + 3,2 - 2(s,~ )1 A, n D hiei
v 2 i

< EngCm2h[(2m1 + m2+4m3\n8)/2 +3(my— n?)/27 2(my 4+ my+m— 1)+ my]

1—[ 2(hv7h;)[(2m1v+mzv+4m3v~n6r)/2+3(m2v7niv)/272(m1v+mzu+m3v)+2+mlv]
v=
EEstcmz—h(ng/2+3ni/272) 1—[ 2 = Uy — i) [, + 3, )/2 = 21 (10.9)

V=

The formula (10.9) holds for a general graph in which the # operation is
trivial: note that the factor in front of the product in the last line of (10.9)
is 27"%# if 6, is the dimension of P introduced in (7.3). Similarly, the coef-
ficients of (%, — A,) in the last product are the dimensions of the operators
P, that would be described by the graphs G,. For the graph under analysis,
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with four external lines of type y, the factor 27"°% in front of the last
product has value 1 and the rhs of (10.9) provides an estimate of the size
of the graph, according to its definition in Section 9 (item II).

Remembering that we are still considering graphs contributing to the
beta function for the running form factors 4,, we consider now the second
case: the # actions give rise to graphs in which some of the half lines
coming out of some of the clusters v e $ have changed their original mean-
ing, giving rise, in the given graph G, to lines of type D or S. We put,
however, the restriction that the external lines, before the application of the
% operation associated with the first vertex v, of the tree 3, are local lines
of Yy * type.

We proceed as in the previous case, when no lines were affected by the
A operation. Let u, be a spanning tree of hard lines, as introduced before
(10.6). This time, after completing the relabelings of the graph expressing
the results of the action of the # operations on the clusters of the tree 3,
we see that some of the half lines may change meaning. As a consequence
we associate with y, a new spanning tree y obtained from u, by consider-
ing each line of uy and imagining that it connects the two points out of
which emerge the two half lines composing it after the rclabeling. The tree
i is again a spanning tree, as can be checked by taking into account the
relabeling procedure described in Section 9.

Let A be an inner half line with frequency index 7. We suppose that the
half line A is one of the half lines affected by the # operations, so that it
represents a nonlocal field @ among those in (7.1). For the sake of definite-
ness, we take @ to be a field of two space-time indices (i.c., @ # S°): let x,
y be the two space-time labels of @. If the other half line merging with 2
to form a inner line / is supposed, again for definiteness, not to be affected
by the # operation and emerges from the space-time point w, the
propagator of the full inner line / will be

2R g(2Fw — 2%p) — (2w — 27x) 1*= (10.10)

where the *z symbol means that the difference in (10.10) has to be taken
to order z; if z, is the order of the zero in the field D or S that we are con-
sidering; here by difference to order z, denoted [ f(y)— f(x)]** of a func-
tion f(x) between the point y and x, we mean that the expression is the
remainder to order z of the Taylor expansion of f(y) around the point x
[see (10.15) below]. To avoid cumbersome notations, the g in (10.10) is
not given all the indices and labels that one may think it deserves.

If the half line affected by £ was contracted with another nonlocal half
line, the argument would not change, except that one would have to take
a difference of an appropriate order also in the variables of the other half
line.
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Then we can write concisely

[g(2"(w—y)) — g(2"(w— x))1*% = g(2"(w — x), 27 (w — y ) [2(y — x)]*
(10.11)

defining the tensor g with two arguments by the rhs. In the rhs of (10.11)
the terms written symbolically as powers of z, represent tensors with z,
indices, which we regard as contracted with g.

Let X;,=y and X,,.,%,,,=x be the spanning tree path in u
connecting x to y, so that we can write y—x as a chain sum:
(y=x)=2(%—%) )

Suppose that (10.11) is substituted in (10.4) and each y —x is sub-
stituted by its chain sum and each (y — x)* is expanded in a product of
single increments corresponding to the lines of the path in y connecting x
to y. This procedure generates various terms like (10.4) in each of which a
propagator of a hard line / of frequency 4, is multiplied by a factor of the
form ‘

IT* (2"x,) (10.12)

h<hy

where x, is the vector joining the extremes of the line and with the *
recalling that the product extends over a (possibly sparse or empty) subset
of the set of the scales # less than /,. The precise subset of values is deter-
mined by the graph.

The integer z, is bounded by the sum of the orders of zero of the lines
generating a single contribution in (10.12): this is bounded by 3.

In fact, if a term 2"x, is present in (10.12), it must come from the
propagator of a line containing a nonlocal half line emerging from a cluster
v’ of frequency A’ > h, with its space-time indices inside some inner cluster
7 of frequency A >h'. With this remark in mind, an inspection of (7.5),
(7.6), and (7.8) shows that z, < 3.

Given a hard line / of frequency 4, for which the product (10.12) is not
trivial, let 4 be the frequency of a half line whose change of meaning due
to the # action on the larger cluster v,< v causes the presence of the factor
2%x, in (10.12), and let A, be the half line which has changed meaning; we
call & the cluster to which it belongs (k= h;). Here we recommend drawing
a schematic picture of the clusters and of the lines involved [see (10.14)].
We call p=h,—h,, and write

2, = 20 ko(2lex)) = 2 M2 TR (2Mx,) (10.13)

so we see that we can extract a factor 27" ~’¢) from each line contributing
to the products in (10.12).
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Let w,=v,>w,> --- >w, be the set of clusters which the line 4,
successively crosses; then
== (= )+ - + (b, — hy)

v

Suppose that there are several lines which have changed meaning
because of the # action and which cross the cluster w and have frequency
lower than or equal to that of the immediately larger cluster w'. Let z,, be
the total dimensional gain (see Section 7), of the Wick monomial that is
represented by the subgraph G, corresponding to w; then one can collect
out of the powers 2~ *7 a factor 2=~ hence the product of the
factors (10.12) over all v’s can be rewritten

{O}z(hu_hmu)l:[[n [1 [2_"(2"”?61)]2}} (10.15)

lev (z,p)e So(v.l)

where Sy(v, /) denotes a set of pairs of integers (z, p), such that p>0, z=1,
2, or 3, and there is at most one pair for each p; S°v, /) depends on special
graphs and, given the graph (as in our case), on the special terms singled
out in the expansion giving rise to (10.12).

We take out of the graph value the first factor in (10.15) and consider
what remains. We want to show that alil the factors of the other products
in (10.15) containing the same x, can be put together with the propagator
of the line / leading to an evaluation of the same graph with more com-
plicated propagators, which, however, are easy to bound.

We first deal with a better representation of the two-argument
propagators g in the rhs of (10.11). The treatment of four-argument
propagators is clearly similar, but for simplicity of exposition of an already
intricate discussion, we are supposing (as stressed several times above) that
there are no four-argument propagators, i.e., no line results in a contrac-
tion of #-affected half lines, or, in still other words, no contraction DD or
DS or SS is present in the considered graph.
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Rather than carrying around propagators with more than two
space-time indices, we write (10.11) via the interpolation formula

1(1 — 27182
L —se1 = [ U T e iy ) xy e (1016)

o (z—1)! oxF

so that the function g with two arguments in (10.11) can be replaced, by
using (10.15), by a new function g with one argument considered at an
interpolated point.

Let / be a (hard) line in the spanning tree u of scale A, and let
x, be the vector joining the two extreme points of /. Collecting all terms
containing the same x,, we see that (10.15) will allow us to consider that
the propagator of / will have the form

g(2"(x,+1,r,)) H [277(2%x)))* (10.17)

(z, p) € So(v, 1)

where £, is an interpolation parameter in [0, 1], and r, is the vector joining
the endpoint of /, from which the nonlocal half of / emerges, and the other
space-time point of the nonlocal half line; of course / may be composed of
two local lines: in this case we have no #,7, term in {10.17) and we take r,
equal to zero.

More precisely, our value of the graph G on the tree 9 can be com-
puted by pretending that each hard line has a propagator given by (10.17)
and then:

1. Integrating over the interpolation parameters with respect to a
suitable measure on the t’s, giving measure <1 to the whole space of the
interpolating parameters [and such a measure has a density which, by
(10.15), is a product of powers of t-variables ].

2. Summing over all the possible choices of the sets S,.
3. Multiplying the result by the first factor in (10.15).

If r,#0, we introduce &,=2"(x,+ ¢,r,) and rewrite (10.16) as

£.(¢) I1 [277(¢,=2"1,r) 7’ (10.18)

(z, p) € Sofv: 1)

The monomials 2 7(¢,—2"t,r,) can be developed and one gets many
terms, for each of which one can pretend that the propagator is

g,(é»[ M eee| 1 @ rrmr | 019)

(20, po) € So (=, p)es
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provided that, after the evaluation of the graph is completed, one integrates
over the interpolation variables and sums over the possible choices of the
sets S, and §'.

We now remark that r,2* can be again rewritten as

2 — (s~ ho) z 2kfx
X

where x is the vector in the spanning tree y in the path leading from one
to the other of the two space-time indices associated with the nonlocal half
of /; ¥ is the cluster out of which / emerges at the scale /; on which the
action of # changes its meaning. We see that A;— h,> 1, and that A; < h,,,
if 4, is the frequency of the line associated with x.

Hence, developing the monomials

)

@2y (2 E w20

X

we find that the computation of G can be made by integrating over the
interpolating variables 1 and summing over suitable S,, S, the value of the
graph in which / has a propagator:

g(él)[ I1 (2""*’51)2"][ I1 (21’1‘2’%,)“} {10.20)

(20, po) € So (z1, p1) e

with S,, S, defined as above; this means that the product over / of the
(10.18) equals the product over / of (10.19) if §,, S, are conveniently
chosen (for each I}.

We can now repeat the argument until we can reach a situation in
which the x, are replaced by the corresponding &,, which happens sooner
or later because the innermost lines of our graph are necessarily built with
pairs of local lines.

At the end of the process we shall be able to compute the graph value
by taking the hard lines / to have propagators

g2 (x4 1,r)] 1—[ { 1_[ 272" (x+ llr,)]z} (10.21)

jeJ Mz, p)e Sy,

where the above products run over a finite set of indices, depending,
however, on the particular case considered (i.e., graph, tree, selected
terms, etc).

The soft line propagators have the form g{<"/[2%(x,+ ¢t,r,)] with no
extra factors. Of course / may again be composed of two local lines: in this
case we take r, equal to zero as above. And after the evaluation of the
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graph with the above propagators one has to integrate over the interpola-
tion variables (with respect to a measure with total variation bounded
by 1) and then one sums over a convenient set of choices of the sets S, :
since clearly very little control can be hoped for the choices of such sets, we
shall bound the result by considering them completely arbitrary.

The main property of (10.21) is that, if summed over an arbitrary set
of choices of Sy, S,..., it still is a function of x =2"(x,+ t,r,) which is C*
and decays fast at oo, with all its derivatives, uniformly in %, and uniformly
in the choices of the sets of S, to be used in the sum.

The reason is quite simple and we just check here the bounds for the
function itself (for its derivatives one just differentiates and repeats the
argument). By taking the absolute values in (10.20) and summing over all
sets S, S4,..., we find a bound

3
g>"(x)| H H [1+ Y (277 Ix) gS(zpf'x)V] (10.22)

p=0 j=0
where we only use that it is possible to write

X oc

g"(x, w) = g"(x, ® 1‘[ [] 227 "x) (10.23)

with g%(x), g° still analytic in a strip around the real x axis and
uniformly bounded and decaying exponentially fast at infinity together with
any pre-fixed number of derivatives [see (A.5) and the holomorphy argu-
ment following it]. To see what is going on, let us consider the model in
which the g, are supposed to coincide with their asymptotic form (A.7)
and (A.8): we see in this case that the product of the §°(x) in (10.23) could
be taken: exp[ —e 7, _, (2777 7x)?].

We can evaluate the graph value using again the Fourier transform
and we see that, if we call £ the momentum variable associated with the
line x, then we have extra momentum tk entering or leaving the vertices at
the extremes of the line defining », if ¢ is an appropriate interpolation
variable.

But we can write r as the sum of the vectors associated with the hard
lines in the spanning tree u connecting its two extremes, so that we can
think that the momentum ¢k is in fact added to all the hard lines in p con-
necting the two extremes of r. It is therefore clear that it only affects the
construction discussed in the simple case (with no nonlocal lines in it) by
changing the values of some of the momentum variables k& appearing in the
hard lines: however, such k’s disappear when one performs the integration
over the w’s and one is left with the same integral over the loop variables;
the conditions under which this is correct are that the propagators in
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(10.21) have the same properties used in the easy case, and that the sum
over the subsets of the sets S,, S;.... can be performed. The two conditions
are met because of the bound (10.22) and the analogous bounds on the
derivatives.

This shows that we get, in this case, the same bound found in the
absence of the # generated lines with different constants and an extra
factor T, 25" ~"), where z, is the total dimensional gain of the vertex v
and v’ is the vertex preceding v in the tree 3.

Hence the size of the relevant graph leading to (10.4), i.e., the integral
in (10.4), is bounded by the rhs of the following expression:

EyM"C™ < T 2mlries2 + 3otz =26, - 1)]>< I1 2<"vhv”2v><1—[ 2”"“)
v 20 v =09
<-Ev‘ng(:mz—h&p H 2*(hu_hr’) Pv (1024)

v 2

by the same argument given in (10.9); here p,=(n{, + 3n5,)/2—2+z,,
where z, is the dimensional gain in the half lines emerging from the sub-
graph G,, d, is the dimension [which is in fact 0 in our case; see comment
following (10.9)], and M is introduced after (10.8).

The bounds on the size C, of the graphs can be extended to the
estimate of the bounds of the sizes C,, N> 0: the result is a simple conse-
quence of the above analysis. The C, bounds have the same form as the
C, bounds with new constants C, D. The obvious modifications of the
above analysis imply that the numbers z, bounded by 3 for C,, are now
bounded by 3+ 2N, and the final constants D, C depend on N. The fact
that the external momenta are ky,.., k, rather than zero makes no
difference, as the value of the external momenta was never used in the
C, bounds. This can be interpreted as saying that the effective potential
kernels have a short range, uniformly in 4.

The above analysis can be immediately extended to cover the bounds
on the Cy size of irrelevant graphs with any number of external lines (local
or not): the final bound looks exactly the same as (10.24) because of the
extra factors present in this case in the definition of the size (see Section 9,
item II); the definition in (9.3) has just been set up, in the general case, to
make the latter statement true as a consequence of the above analysis,
thereby providing a convenient way of summarizing the results of this
section.

The bounds for the relevant graphs with two external lines which,
before the action of the ¥ operation relative to the first nontrivial vertex
v, of the tree 9 represent graphs with two external lines of type ¥ " —, are
performed in a identical fashion, again leading to a bound like (10.24). The
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constants in all the above bounds can be taken to be the same, and £
independent.

Therefore the cases that have not yet been treated are those corre-
sponding to graphs contributing to the relevant part, which, before the
localization .# relative to the first tree vertex, have (a) four external lines,
one of which is a D line, while the three others are ¥ * lines; (b) two
external lines, one of which is a D™ line.

Looking at (7.6) and (7.8), we see that the above two cases are
precisely the ones for which the application of the % operator produces
differences of local terms evaluated at different points, say x; and x,.

We can proceed to bound their contribution to the beta functional in
the way followed above, simply estimating each term in the difference of
local terms without trying to exploit possible cancellations between them:
i.e., we give up using the fact that when x, = x, such terms vanish.

Then a bound like (10.24) still holds: however, the numbers z,
associated with the chain of clusters v containing the two points x;, x, on
which the # operator generates the local terms are smaller by one unit
compared to those that would be a priori necessary to make the coefficient
p,=(n§,+3n5,)/2—2+2z, of h,—h, greater than or equal to 1. Hence,
some of the p, corresponding to vertices v containing x,, x, may be zero
and therefore they would ultimately produce logarithmic divergences in 4
when the summation over the 4, is performed to compute the final expres-
sion for the contributions to the beta functional.

This mild lack of uniformity in h of the beta functional is the best we
can do without taking into account special new features. Since the unifor-
mization of the bounds will be done by using different mechanisms in the
d=23 and in the d=1 cases, we discuss it in the next section.

11. UNIFORMIZATION OF THE BOUNDS ON THE BETA
FUNCTIONAL. LOOP IMPROVEMENTS

To complete the perturbative theory of the beta functional, we have to

improve the bounds of Section 10 in the two remaining cases (a), (b)
described at the end of Section 10. Also in this section we shall consider
explicitly only the case in which there are, in G, only relevant vertices.
- We start by considering the case of graphs with two external lines, i..,
contributions to the beta functional for v, «, {. In this case it suffices to
remark that the constants v,, «,, {, are independent of the values o, ®' of
the quasimomenta of the fields in the Wick monomials. Therefore we can
evaluate the contribution to the variation of v, «, { by choosing to compute
them when o =o'
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Consider first the contribution coming from the application of ¥ to a
graph which, before applying %, produced a Wick monomial D} -

x1x20 ¥ x3m'"

Using (7.8), one sees that the % action produces an operator, for o = o',

fv(xl—)cz,xl—)c3,(sz))e“”F("l_"”“’a'x1 dx, dxs (Y oWiai— Voo
(X3 =X )W L DY o — (X3 = X)W L0 DY 0] (11.1)

where v is a suitable kernel. The (11.1) contributes both to v and to {, a.
The first contribution arises from the terms iy~ and is

jdxz dx; v(x; — X5, x| — X3, @) ePFO1TXD)
‘deldxa“(xl—xbx1~x3,w)e"””’<""‘“=0 (11.2)

The contribution to %, { is not zero because of the (x;—x;), (x3—x;)
factors, which break the symmetry between 1 and 2 in the fields: by adding
and subtracting suitable terms we see that the contribution reduces to

Jd?H dx; 0(Xy— Xy, X3 — X3, @) PPN o0, — e Yh F DY, (11.3)

In this case we do not get zero; however, we see that we can explicitly
exhibit the factor (x,—x,). Repeating the estimates of Section 10, we see
that we can bound the contribution using (10.24), in which we take ng =1,
n{=1 with p, =1, getting a uniform bound as # — —co.

For the same reason all the other contributions to «, {, v that one
might expect from (7.8) and not taken into account in Section 10 vanish
(as the 1, 2 indices appear symmetrically in the fields).

Consider now the case of graphs with four external lines, i.¢., consider
the contributions to the beta functional for 1,. We see that the above
cancellations occur only if the @, are in a Cooper pair configuration:
0, = —0,; 0;= —0,. However, we cannot infer from the gauge symmetry
that it is enough to consider 7, on such configurations to know it on all
the others.

There is one remarkable exception to this situation: namely if d=1
and the spin is zero, it turns out that the Cooper pair configurations of
quasimomenta do determine the A,: simply because they are the only con-
figurations for which ¥ [, & [, W . does not vanish identically (by the

x@1 ¥ xo

exclusion principle). Hence if d=1 the contributions to the beta function

822/59/3-4-5
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due to the cases (a) and (b) considered above can be taken to vanish and
we have uniform bounds even in the contributions to 4,.

The above remark suggests introducing the notion of Cooper pairs of
quasiparticles with quasimomenta +@. We shall say that a local
fourth-degree term like

=J j,((ol, ®,, O, 0)4) g PF(O1+ o) — 03 — 04)x

X l//x(nl xmzlpx(m ;(1)4 nd(’o (]14)

contains a component -/ of interaction between Cooper pairs defined by
setting

Mo o)=e,, —0;, 0;, —0;)
Poi(w), 0,, 03, 0,) =471[i(0)1 ;03)— A0 04)—A(0,; 03)+A(0,; 0y)]
(11.5)

and

g’clzj Pol®y, 0y, @5, 0y) PRI @2 =03 @a)x

X l//x(nl xmzlpx(o; ;(w, Hdm (116)

Calling ¥-=%-% and Z-=1—Lc=R+ (1 —P) ¥, we can try to repeat
the analysis of Sections 6-10 using %, ¥ rather than %, Z.

The % operation is quite complicated (in the fourth-degree part) if
expressed as an operator on the fields:

=gC xlo.n x2(1)2 lpxuu ;m4
=0(m, + ®,) d(ow;+ ®,) U d ©, dw}
X:( )—ct(x)l_ X—ml)l//x mz(lp;ws x_,fu):;) ;m; (117)
x eipp(w[+u)'2—m3m;‘)le
AS
— 1
“S/pC x1w1 xzmz x1m1Sx2X1wz

It is easy to check that this time .%. vanishes on any fourth-degree
monomial containing at least one nonlocal field or a 2y field: this means
that the problem mentioned above, due to the fact that the latter property
does not hold for the £ operation [by (7.6)], will not arise.
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But, having changed the rules of the game, we must reexamine
Section 10 to check if it still would work with the new definition: it is not
difficult to realize that it does not, unless we modify the assumptions on
|4, strengthening it. We shall come back to this approach in Section 14,
where we discuss our conjectures about the flow generated by the beta
functional. Here we adopt a different viewpoint.

We consider the action of #, ¥ on Wick monomials which appear in
the graphical representation of the effective potential. The linearity of %
has been used so far only on the second-degree terms; for all other pur-
poses we could as well use a different definition of %. We could define it
as a nonnecessarily linear operation acting on each of the operators that
are produced via the graphical rules of Section 9. Sec the concluding
remarks to Section 7.

In this way we lose gauge invariance: so far the use of gauge
invariance has been just a way of getting rid of unwanted terms in the
second-degree part of the effective potential. Later we shall use it again to
analyze the pair Schwinger functions: but we shall need it only in the
second-degree terms of the effective potential. Hence we can modify the
definition of ¥ when it acts on the fourth-degree terms of the effective
potential, keeping it as before when it acts on the second-degree part. The
point is that the ¥ can be easily modified so that the above problems on
the beta functional disappear.

The choice will be simply to take £ to be zero in the cases (7.6) and
to be the same as before in all other cases: consequently . will vanish on
all fourth-degree monomials which involve nonlocal field or 2y fields.

It is clear that this slight modification does not introduce any new
problem in Section 10 and all the estimates there remain unchanged. The
reason is that the terms containing a D% field, like the ones in (7.6),
already have the correct power counting and the subtraction (7.6) is only
necessary if one wishes to keep the linearity of ¥ on the fourth-degree
terms. We do not lose the linearity (hence the gauge invariance) on the
second-degree terms.

With the above modification of ¥, # on the fourth-degree operators
we have completed the proof of the uniformity of the beta functional
bounds in terms of the frequency parameter A, i.e., of the scale of the root
vertex of the tree.

We now proceed to try to identify classes of graphs whose contribu-
tion to the beta functional can be shown to be bounded by
Y=zl p (b, —hy)

(11.8)

s, !

v

247, T]

for some ¢, ¢' >0; ie., we want to see if we can make use of the fact that



606 Benfatto and Gallavotti

p, =1 and of the fact that in the theory of the beta functional one only
needs, as is well known,*® that p,>e.

A large number of graphs can be shown to obey the improved bound
(11.8). This is due to some basic inequalities or remarkable cancellations
which we call loop improvements, as they manifest in a nontrivial way in
graphs with loops. They play a role not only in the theory of the beta
functional (which is greatly simplified), but in the theory of the Schwinger
functions as well (see Section 12).

Consider first the case d= 3. In this case one makes essential use of the
following three-quasimomentum inequality, which follows by simple phase
space considerations [see Appendix B for the general technique, and (B14)
for a check]:

j&4m1+uh-m3+x)dmldmzdm3<c;2h vk (119)

We stress that this holds only if d> 1; here d,(k)=2"*g(27"k), ke R?,
with g a short-range function.
Recall that a basic estimate in Section 10 was the bound of

jéﬂm+xﬁdm<€b Vi (11.10)

where ® was the quasimomentum of a hard line of frequency 4’ associated
with the approximate delta functions d, and x’ a suitable linear combina-
tion of momenta and quasimomenta; see, for instance, the comments after
(10.8).

Then we see that we can gain a factor 2" by using (11.9) if we can
show that ¥’ in (11.10) has the form o,+®,+«k with ®,, ®, being
quasimomenta of internal lines which are not in the spanning tree. We
might even be able to gain similar factors several times by applying the
remark to different hard lines of the spanning tree: provided, however, that
we are able to identify distinct quasimomenta ®,, ®, for each different
hard line of the spanning tree for which we want to obtain a gain.

We use the above inequality to show that in bounding some graphs we
can improve the bound of Section 10 [ie., (10.24) in dimensionless form,
without the factor 2 ~°¢]

. 2 =Pl — k)
M"C D[UI—S-—U—'— (11.11)

by a factor 2™, where h, = h, for some v. Clearly this immediately implies
the validity, for the given graph, of the bound (11.8).

We begin by examining the case of the contributions to the effective
potential from graphs (relevant or not) with two external lines. We fix a
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tree 3 and a graph G with two external lines. Let v, be the first nontrivial
vertex and let vy,.., v, be the tree vertices immediately following v,. The
frequency of v, 1s £+ 1. We do not consider local contributions arising
from the terms which we have shown to cancel when the external quasi-
momenta are equal.

There are two possibilities to examine. The first is that one of the
internal lines of frequency /4 connecting the cluster v, to the others is essen-
tial for the connectedness of the graph, ie., cutting it, the graph becomes
disconnected: this case is the easiest when it cannot be reduced to the next
one and we therefore postpone its treatment.

The second possibility is that none of the inner lines of frequency %
connecting v; to the other clusters is essential for the connectedness of the
graph. This means that if one shrinks to a point all the subgraphs inside
each of the clusters v;, the graph G that one obtains contains at least one
loop.

Suppose that in G there are at least two lines /, I’, with quasimomenta
o, ®', which are not in the spanning tree. Then it is clear that one of the
approximate delta functions associated with the hard lines of the spanning
tree must have the form d,(+ 0+ 0 +0,+k) with o, being the line
quasimomentum, for a suitable arrangement of the signs. Hence we can
apply (11.9) at least once and we improve the final bound by a factor 2.
Hence we are left with the case of G with just one loop. It is easy to see
that we can repeat the argument even in this case as long as the graph G
has at least two loops, even if one of them is inside one of the v,. The
conservation of total momentum at each vertex implies, in fact, that two
at least of the quasimomenta of the lines inner to the v, but not on the
spanning tree must appear also in the momenta of a hard line on some
scale h,; hence one can easily check that (11.9) can be applied at least for
one such line and improves (11.11).

Therefore the only case (if the second possibility foreseen at the begin-
ning is verified) in which we have not proved the presence of an extra
power of 2™ in the bound (11.11) is when the graph G has only one loop:
clearly this can happen when it contains only one vertex with four lines and
all the others are two-line vertices. This means that only the contributions
to the effective potential of degree two in the fields or to the beta functional
for o, {, v which are linear in 2 and at least linear in o, {, v may not
have an extra factor 2" in front of their bound (11.11). The possibility
of treating this case is based on a remarkable cancellation which is a
generalization of the one exhibited in a very special case in the calculation
in Appendix B.

We first replace all propagators with their leading expressions; we also
replace the operators &, by their leading expression fd. All the correc-
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tion terms contain at least one 2 for some 4’ and hence by the remark
following (11.11) we see that we get the bound (11.8) on this part of the
estimate.

The second operation is to undo some of the Z concerning the internal
clusters according to the rule explained below. Then, if the first cluster
bears an Z# label, we replace the nonlocal external field in the expression
of the operator associated with the graph by the appropriate tensor
describing the structure at contact of the zero of the nonlocal fields [see
(7.3)]; then we multiply by the appropriate 2% and by the factors
necessary to take the Fourier transforms in (9.3). The resulting expression,
integrated over the space-time indices distinct from the localization point,
provides the estimate for the C, size of the operator. If the first cluster
bears an ¢ label, we simply write the corresponding expression for the C,
size.

For simplicity we examine the case of a contribution to the beta func-
tional v term (i.e., a graph with an % operation selecting a ¥ "y~ term).

Since our graph is topologically very simple, we can represent the
various terms arising in undoing the # operations [ <6", by (7.5)-(7.8), if
n is the number of two-line graph elements] rather naturally in terms of
new graphs constructed as follows.

We draw a one-loop graph with s<n+1 vertices each of which
represents one of the s maximal clusters of the tree. If v is one of the
clusters with two external lines, we make a choice and either we leave the
graph as it is, deleting the % label, or we draw a hanging chain emerging
from v with s, vertices representing the s, clusters inside v, the first being
v itself and the others labeled from 2 to s,. Inside each of the hanging chain
vertices we imagine drawn the corresponding subgraph.

Similarly, if the cluster v has four external lines, we see from a simple
analysis that one of the four has to be a D, line which, once undone in its
two ¥ fields, can be represented naturally by two graphs the first of which
is the starting one without the # label on v. The other is obtained from it
by imagining the external line corresponding to the first point x of the D,
field as emerging from the second point y of the D field, while the chain of
the external line maximal clusters, linking x to the maximal cluster inside
v with four external lines, will again be replaced by a hanging chain of
vertices. Inside each of them we imagine drawn the corresponding chain
graphs.

We undo the # operations involving the maximal clusters; then we
undo the # operations concerning the (only) cluster of the next generation
with four external lines and so on until there is no longer any cluster with
four external lines which is not a point.

The value of the factor contributed by each hanging chain is easily
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estimated using the results of Section 10 and depends on the term that is
selected when undoing the # operation which generates the hanging chain.
If the # operation concerned a two-external-line cluster, the local term that
appears when undoing it (which generates, in the graphical interpretation
the hanging chains in the graph) corresponds to an operator nay} ¥ .
{which has dimension é = —1) or to an operator b 7, 2y 7 {whlch has
dimension 6 =0). If # concerns a four-external-line cluster, the local term
corresponds to an operator [ (which has dimension
0=0).

It is clear that the analysis leading to (10.24) implies that the coef-
ficients n, [, b can be bounded by

X xw;l//xon xm4

st

wo w

my myy — 0k 27(}[ ) p zp(hy— h)
M™C™2 H _—2 (11.12)

using the notation of Section 10, (10.24), with the above values for 6. The
(11.12) simply takes into account the missing factor represented by the last
term.

Hence we see that iterating the above arguments to undo the inner £
operations (when prescribed), we are reduced to the main problem of
estimating a one-loop graph, computed on a tree with no # operators
acting on the inner vertices, with the proviso that we have to multiply the
result by a product of 27"~ over an unspecified set of frequency jumps.

To estimate a one-loop graph with no # operations acting on the
inner clusters and two-line vertices, we essentially compute the integral
explicitly. We want to show that the C, (and C,) sizes of such graph can
be bounded by

zb(hb—h ‘)
M"C”2hn'4ﬂ———— (11.13)
This, together with (11.12), would show that we have an extra 2" in the
bounds of the one-loop graphs with two external lines, at least if are willing
to pay the price of the n!* and of the frequency jump damping factors,
which, in fact, are with the wrong sign and provide no damping at all.

We are, however, interested in resumming all the above terms as we
want the estimate of the full expression with the £ operations not undone.
For such sum we have, from the previous work, an alternative estimate
(11.11), with no factorials and with the correct damping factors. Hence we
simply interpolate the two bounds [the number of terms obtained by
undoing the Z operation is not very large (<6”)], using an interpolation
parameter ¢ < 1/4 for the part bounded by (11.13) and (1 —¢) for the part
bounded by (11.11). And we find almost (11.8): we still have the factor n!
which should not be there.
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But there are very few, at most O([], 5,!), graphs with only one loop
and we can still say that (11.8) holds if, to avoid notational problems, we
decide that the one-loop graphs have a value which is the previously
defined one but divided by n! and, to compensate, each graph is repeated
n! times. Of course this is only a notational trick and if one wished, one
could continue distinguishing the one-loop graphs from the others.

To prove the above claim (11.13), consider a one-loop graph with
n+ 1 vertices divided into a hierarchy of subgraphs according to a given
tree 9. We suppose that no % or # operation is performed on the
operators representing the subgraphs. Suppose also, again to simplify the
analysis by avoiding trivial cases, that the graph contains no 2-insertions
on the external lines (a case that is very easily discussed after the main
problem on the loop integral is solved).

We note that the C, size of such a graph is obtained as the product
of the combinatorial factor E;=TT], 1/s,! times:

n+1
J\ l: I—[ 2thj gh]( ] 1 0)) e-ipF(xjixjil)mj dm]:'

i=1

xlo[l—[ P‘%,] dx,---dx, (11.14)

j=1

where .Q’ is either the identity or the &, operator on the coordinate x; or
the o; 6 «, Operator and, correspondingly, yj;j is 2% Wy, Or {7, or ag, where
h is the scale of the jth vertex. In general #;> h;, wh1ch is the scale of the
propagator associated with the line from x; | to x;. The vertices are
labeled from 0 to n+ 1=0 following the arrows of the loop lines.

The (11.14) can be rewritten more explicitly by using the Fourier
transform expressions for the propagators (we fix the parameter

B=pr/m=1)

Jdk (H do, ocjdoc]) TM T I2h e [T 20k
jedy
x (iko + ok) e =%k [ 2-(iko, + @,K;) e %4 (k)% (iko,)? (11.15)
J#jo

where a,, b;=0, 1; M is a bound on v, %, z, 4; te[—1,1] depends only
on the w-variables; J, is the set of loop lines entering a vertex with running
constant of v type; j, is the label of the line /; from x;, , to x; which is
not in the spanning tree of the graph; the interpolation parameters «;
[see (A9)] are in [1/4,1] for all j# j,, and for j=j,, a,€[1/4,1] or
%;,€ [1, o ]. The actual values of a;, b; depend on the type of the jth vertex
(a,=1 if the vertex is of type «, and b, =1 if it is of type {; the a, b vanish
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otherwise). The momenta k; can be expressed in terms of the
quasimomenta ; of the jth line (from x,_, to x;) via

2k, = 2"k + 0 — o, (11.16)

where k, @ are the momentum and quasimomentum of the j,th line.

The o, with j+# j, play no role and will be set equal to 1 to simplify
the analySIS Some care has to be devoted to «;, which we denote by a.

We set N=3,2>#=" > 1 (since there is at least one more line of fre-
quency h, besides /;). We then express the inner momenta k; in terms of k
using (11.16) and we collect all the k? in the exponentials after developing
the squares. We also collect in the exponentials all the terms linear in k and
we perform the linear change of coordinates necessary to eliminate from

the exponentials the terms linear in k. Using the notation
=2""o— o)), g =2"""

N=1 ¢, W=D 6%,
P

P# o

(11.17)

we find, after some algebra, that the integral expressing the C, size of the
considered graph can be written as the combinatorial factor Eg=TT1, 1/s,!
times:

MR e T ZE/’”’fjdkocdoc dmr( I 2“2”‘1de->

JEJy J# o

xexp[ — (N + a) k*] exp[+w2/(oc+N)—~Z Qj]

x ] {&;Liko+ 0k —0,w/(a+N)]+ o2}

J

xH{s [0k —ow/(o+N)]+0,Q }H(xsk (11.18)

where we denote J,, J,, J;, respectively, the set of lines ending in a vertex
with running coupling of type v, o, {.

We rewrite ®;, as (o,—®)+ o and the ik, in the last product as
{(ik, + wk) — k. Then we develop the sums inside the products to isolate
the contributions of the forms

(iky + @k), (0 — o))k, ow

(11.19)
(o—o)w, 2VQ= —20,Q =200,
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After further algebra we find that (11.18) is a sum of terms equal, up to a
sign, to

M7 F I e < I1 Zthf)jocdoc dk dmr( [T 2% d(x)j>

jedy J# Jo

xexp[ —(N+a)k?] exp [+w2/(a+N)—ZQ;]

X | 11 gj(iko-l—u)k)]: 11 sjk((o—mj)}

L je Xt je Xz

x | I ej(w—a)j)w/(oc+N)]

Lje X3

X I I1 sjmw/(oc—l-N)] I [2’”9?] [ IT ejmk] (11.20)

Lje Xy jeXs JjeXg

where X, are subsets of the set of the n+ 1 indices j, and each index in X,
can have a muitiplicity: in the latter case this simply means that the term
with index j has to be raised to a power equal to the multiplicity.

The expansion of the products in (11.18) allows us to find the rules to
construct the sets X,. In fact, by inspection of (11.18), we see that we can
define five suitable disjoint subsets of the set of the n+ 1 indices denoted
J5, s=1,., 5, and similarly J, can be broken into five sets J3, and J, into
two sets J3, so that

X,=JluJ),  X,=Jtol3
X,=l20J!,  Xs=Jiul (11.21)
X,=J30JZ, X¢=JiuJ;

and each point in X, has multiplicity equal to the number of times it
appears in distinct sets in the rhs.

The discussion of (11.19) is simpler than one might fear. The quadratic
form in the @'s in the exponential is bounded below by o/(x+ N). This
means that after performing the k integrals we bound Q; by [(« + N)/a]"2.

The evaluation of the k, integral is done by the well-known formula
for the Hermite polynomials H,(k,) [with weight exp(—k2)]:

dk,

71:1/2

k= H,(ky) = [ e Ki(iko + ,)?

p

(11.22)

where the polynomial normalization is that the integral of H j with weight
exp(—k3) is 2 ?p! (Wick rule).
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Hence, changing the variable (o+ N)Y2k —k, setting n= (a0 + N)/a,
and using o(0 — ') = (® —®')?*/2, we can rewrite (11.20) as
to do dk

n+1 —hns1 hi— by L2
M [zh' me )] e da fexp(— k)]

- 2
22 e w Qz>
x| T] d(n]:| exp <a gy ; ;

j# jo

<[ T k| 1 e

L jex, (an) jex, (an)

X I H 8j2hj (Qj) w)1/2:|

Ljexs (o) (om

- ) h(y2 02 ok
<| T1 82,2 P:|[ [T 2" E;,{l[ 11 i)l/z:l (11.23)

L jex, 2o Jjexs jexs (o0

It is easy to check that, after performing the integral over k, using a
suitable fraction of the quadratic form in the exponent, and denoting by ¢,
a suitable constant:

1. If X; is not empty, we can bound the product over X; by
(HjeX; Cozhja_l) 1X5]!.

2. If X, is not empty, we can bound the product over X, by
(2coo ™ 1) X!

3. If X5 is not empty, we can bound the product over X by
TTex 2"(a+ N)/a

Moreover, it is important to remark that:

4. At least one of X and X, is not empty. See (11.18) and use that
the j, factor contributes only to the products over X, and X,,.

5. In performing the k integral, the Wick contractions (which we use
to evaluate the Gaussian integrals) involving X, and X, or X, and
X or X, and X, itself can be bounded [again using a fraction of
the quadratic form in the exponential and the fact that such
contractions are proportional to (w—;)o=(0—0;)*/2 or to
(0 — ;)*] by a factor 2*%/a per contraction. But if we consider the
contractions between X, and X, we only get 1/ per contraction.

Then we sec that we always find a factor 2%/x at least for each of the
<(X,| +1X,| + | X;))!"? Wick contributions to the Gaussian integral,
provided we discard the only possibility which, by the analysis of the above
items, does not provide a factor 2*/a, namely when all the contractions
involve X; and X and X,, X5, X,, X5= {J: but it is easy to see that in this
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case | X,| > |X4| and the integral is identically zero by the orthogonality of
the Hermite polynomials.

We are left with bounding the ; integral: for it we still have the quad-
ratic form to use. By splitting it in six equal parts, five will be used for the
bounds in the above items. Then the remaining sixth part will be used to
perform the integral over the ®, and to bound it by [(«+ N)/a]"<
(N+1)". From the bound of the X factors we also get at most
[(ax+ N)/a]"< (N + 1)". Hence the total expression (11.14) is bounded by

MrEicr [2'1—’1"“ I1 (2%’@)}!42’1’ (11.24)
jed

At this point we go back to Section 10 and check that the term in square
brackets is

[]2 e hloe2) (11.25)
This is so simply because, having undone all the subtractions, we miss the
terms expressing the dimensional gains z, < 2. Hence we can write (11.24)
as (11.13) [recalling that the combinatorial factor [], 1/s,! was taken out
in (11.18)].

It is interesting to remark that, if =1, the above analysis also applies
and in some sense works even better. In fact it is easy to see that a
one-loop graph in which the quasimomentum is not conserved along the
loop is necessarily of order O(2"). Hence, one can consider the case in
which the quasimomentum is conserved along the loop; in this case,
however, the terms with ® —®; are missing and we see that the above
integral (11.23) simply vanishes identically. Hence, if d =1, we do not even
have the n! to worry about and we have, in all one-loop graphs, a simple
extra factor 2%, so that (11.8) holds with ¢=1.

Having treated the graphs with more than one loop and those with
just one loop, we are left with the simple case of the chain graphs. Of
course such graphs are very trivial compared to the above.

Such graphs must contain one line of scale # with momentum equal to
its quasimomentum. It is easy to check, if the two half lines composing
the line represent 1/ * fields, that the propagator of this line generates, by
the mechanism discussed in Section 10, an approximate delta function
d,(®—o'). Here @ is the line quasimomentum and  is the external
quasimomentum of the field of minus type. Then J,(w — ©') satisfies

U
S, (0, —w)=const-2 " *(@—a) o j &

. e——otZ*z”(m — )2 B2
1/4 &

_ __>=2h _ 2 g2
<const-2 (@, —w)? e 2 (@ @) A

=const - 2"5,(m, — ) (11.26)
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where §, is a normalized approximate delta function of width proportional
to 2" We see that in this case we can improve the bound (11.11) by a
factor 2" every time that we have to integrate the above propagator or
expressions with the same properties.

A simple analysis shows that this is always the case, with one single
exception: namely when the graph is a relevant one and one considers its
contribution to the «, { running constants. This case can be explicitly
computed and shown to give a contribution to the beta function
+B8"v; + 02"

The above considerations can be summarized by writing explicitly the
beta functional in the following form, using the notation 4, «, {, v to mean
the string of functions describing the running form factors on scales |
shorter than A, (A4;, %7, &is Vi)ichnit1 o

A = Ayt sz (o, &, v, )L) + 2 BFO=D (g £ v A)
Vi1 =2v,+2"BZ e, {, v, 4)

a1 =%+ Bvi+2"BZ (e, {, v, A)

G =0 — v+ 2B M (a, { vi)

(11.27)

where B{>7>9(x; y) denotes a formal power series in x, y in which the x
variables appear to order p or higher, and the y appear to order g or
higher; B{®#t“*D(x; y) denotes a formal power series in which the x
variables appear to order = p and the y appear only to the orders between
a and b; Bj(;”;‘”(x; y) denotes again a formal power series in which the x
variables appear to order =p and the y appear exactly to order g;
similarly, B{”)(x) denotes a polynomial homogeneous of degree p in x.
Here ¢ >0 can be taken any number <1/4.
Furthermore, if the effective couplings v, = (v, @, {,, 4,) satisfy

lagly 1[G <M, Ivil<M, A<M, h=0,-1,.. (1128)

then the mth-order terms of the formal power series B; can be so arranged
that the mth order is described by trees with s endpoints and graphs with
m graph elements of the form (8.1), (8.2) in such a way that the contribu-
tion to v,_, due to a tree of type (9.1) and a graph G is bounded by

EyMmDCm ! T 27t (11.29)
v
and the relationship between v,_, and v,..., Vg is

dQ

Vier=AV,+ Z (G, 9) J 2O —

- m!

7(}% hy') epy

X —5— 11 4®) (11.30)

v ie endlines
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where A is the diagonal matrix (1, 1, 1, 2) and #(G, &) is an interpolation
parameter in [ —1, 1]; the number p, is =¢ and Q; are the w-variables
relative to the ith graph element of the graph G; the u(G) is 0, ¢ as
described in the above discussion.

The case d =1 will be discussed only in the spinless model. In this case
(11.8) no longer holds. Besides the remarkable simplification of the absence
of the O(2°) contributions in the A part of the beta functional, we find that
the beta functional takes the form

Ay 1 =An+BZFPA)+ BZ N0, {v; 4)

Vo1 =2v,4+ B D(a, {,v; A)+2"BE o, £, v, A)

a,_ =0, +BEP(A)+ BE I, {, v; A)+ 2B P o, v, A)
Lo =0n+ B4+ BE 2P0, (v 4) + 2" B (o, (v, 4)

(11.31)

with the notations of (11.27). The remarkable features are the absence of
terms depending only on Z in the relation for v and the equality of the lead-
ing (i.e., not proportional to 2”) terms dependent only on 4 (denoted B;)
in the relations for « and for {.

The first remark follows from the observation that only graphs in
which there is quasimomentum conservation at every vertex can give con-
tributions which cannot be bounded by O(2*) at least. In fact, the conser-
vation is automatic in the relevant terms with four lines, and nonconserva-
tion in two-line subgraphs leads to a very small extra factor in the bounds
(because if the momentum is not conserved, then it is necessarily opposite
and the Fourier transforms of the propagators decay very fast at large
momenta). Considering only graphs with quasimomentum conservation,
we see that the oscillating factors due to the exponentials involving the
quasimomenta are completely absent from the graph value. Then one can
remark that a contribution from a graph with only 4 vertices must contain
an odd number of inner lines: but the propagators are, up to corrections
of 0(2"), odd functions, so that their leading terms do not contribute. The
second remark is an easy consequence of the fact that the leading term in
the propagator has a symmetry between the space and the time variables.

This concludes our theory of the improved bounds on the beta
functional.

It is important, for later applications, to remark that the use of the
Wick ordering in the above formalism, although elegant, is by no means
essential: and it may become a nuisance when one gets involved with the
problem of convergence.

It is possible, and easy, to extend the above theory to the case in
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which the effective potential is written as the sum of a part V, , of degree
< p in the fields, which is written in a Wick ordered form, and a part V,
composed of ordinary monomials of degree > p.

Taking p =4, the above formalism remains unchanged with a few
minor variations:

{a) The trees have one vertex per each frequency, which may be
trivial, i.e., such that no bifurcation occurs: such vertices can be thought of
as existing but not explicitly marked in the previous formalism. However,
this time the associated truncated expectations on the vertex scale are no
longer trivial, because the absence of the Wick ordering permits contrac-
tions between lines emerging from the same cluster v, self-contractions, at
least if the subgraph G, has more than p external lines.

(b) Due to the possibility of self-contractions, the frequency of a line
is no longer determined by the clusters containing its extreme endpoints
and one finds it by looking at the smallest cluster containing the line.

(c) All internal lines are hard lines, in the sense of Section 9, with the
possible exceptions of lines which are internal to clusters with < p external
lines.

The separation order p is taken to be >4, so that the ., # operations
are still defined as in Section 7. All that is happening is that one has to deal
with roughly the same number of graphs bearing a different set of indices
and labels: it is a reorganization of a multiple sum. The estimates are
clearly identical to the previous ones. The beta function is different, and as
remarked in refs. 16 and 17, it may be much better from the point of view
of the estimates.

The two beta functionals manifestly agree up to an order p* and
p*— o if p— o0,

A deeper remark is that we can even avoid entirely the use of Wick
ordering, ie., take p=0. At first sight one might think that this really
changes the beta function. However, a closer look shows that it only affects
the beta function with terms of O(2") as h — —oo: the reason is that the
propagators g®)(x) vanish when x =0 up to terms of O(2").

We shall avoid choosing among the various beta functionals and what
we say holds for any choice (only the actual numerical values of some
bounds may differ). However, in the analysis of the convergence, which we
are able to do only if d=1 and the fermions are spinless, we use the results
of ref. 19 and therefore we use the p =4 beta functional.
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12. CONSEQUENCES OF THE BOUNDS. THE PERTURBATION
THEORY BETA FUNCTIONAL. BOUNDS ON THE
SCHWINGER FUNCTIONS NEAR THE FERMI SURFACE

The conclusion of the work of Sections 10 and 11 is thus that, if in
v, = vy, %4, {1y 44), the effective couplings v, satisfy

lah|a |§hl<M5 |V/,|<M, lﬂ"h|<M= h:Oa _1, (121)

then v,_, can be expanded in a formal power series of v,, v, {,.. and the
power expansion can be arranged to have the form (11.30).

Since the eigenvalues of 4 [see comment after (11.10)] are all =1, the
analysis of refs. 16-18 applies and we infer from (11.30) the following
results:

1. It is possible to expand v, . in powers of v,
Vie1 = A7V +BL(v,) + 2"Ry(v,, Vo) (12.2)
where B” (v) (upward beta function) is a formal power series:

B Q@)=Y Zjdﬂ' 4(Q, Q') CBalvi(Q) (12.3)

p=1a

where a= (a;, a,, a,, a;) is a multiindex and 4,(Q) is regarded as defined
and bounded on the unit sphere S?~!, uniformly in the 4. The kernel
1,(€2, Q') is bounded also by 1 when Q is regarded as composed of vectors
varying on the unit sphere S~ !. The R, function has the same properties
and vanishes with v,. It is a new term compared with the resuits of refs. 16
and 18: it is present because the initial interaction contains nonvanishing
irrelevant terms expressible via the initial pair potential. The shape of the
pair potential has to be supposed fixed here once and for all: otherwise, the
coefficients of the power series defining R, also depend on the shape of the
potential in a way in which we are not interested here.

2. A similar expansion holds for the general effective potentials on
scale 4. The effective potential on scale 4 admits an expansion in v, and v,
with coefficients growing with m! to order m and with kernels of size C, (in
the sense of Section 9), uniformly bounded by

DC™~'m! (12.4)

for suitably chosen D, C.

3. The iteration of the expansion (12.2) leads to an expansion of the
effective couplings and potentials on all scales 4’ > h. The coefficients are
bounded as in (12.4), but now B! is replaced by [ (A’ — h)]'¢. This means
that even if it were true that v, — 0, we would only have control over the
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large-scale behavior of the theory. The short-range behavior is hidden in
perturbation theory (as is not surprising).

4. The B terms appearing in the beta function have a detailed struc-
ture identical to that in (11.25) with new B functions which depend only
onv,.

In Appendix C we show that the interpretation of the constancy of the
effective couplings as #— —oo can be that the potential is a delta-like
potential in the sense of the Introduction with integral oc2@=1D% Tt is
unlikely that the running constants go to 0 as hA— —oo faster than
logarithmically (i.e., as 1/4). Hence, working in physical space, we expect
to find a potential whose size is at least 2 */h, i.e., unboundedly large! This
shows the relevance and the interest of the quasiparticle formalism: in this
formalism we never meet large functions and we can apply the strategy of
using supremum bounds. In the usual representation in Fock space, or in
the Euclidean versions of it, one would be forced to use L, bounds, which
are far harder to master.

In one dimension the Fermi sphere consists of two points. All the func-
tions of the quasimomenta become trivially defined on a space of two
points and the bounds can be revisited and trivially improved. It turns out
that, not surprisingly, the theory of the beta function becomes the same as
the theory of the Gross—-Neveu model.***) One rigorously finds that the
series in (12.3) converge if M [see (12.1)] is small enough. Hence the beta
function exists as a holomorphic function of the running couplings with a
positive radius of convergence.

All the results found so far have been derived for spinless fermions, but
the introduction of spin would just add a few more indices to our expres-
sions; this is no longer true for the results of Sections 14 and 15.

In the next section we study the beta functional to second order in the
general spinless case; in Section 15 we study in detail, for d=1, the beta
function, introduce a new beta functional to describe anomalous Fermi sur-
faces, and show that one-dimensional spinless systems have an anomalous
Fermi surface.

We conclude this section by analyzing the connection between the
definitions of Section 5 and the bounds of Sections 10 and 11 in the case
d= 3. We use here the notations of Sections 10 and 11.

In studying the Schwinger functions, one can still make use of the
notion of C, size: however, we have to consider more general graphs in
which vertices y,, y,,.. with only one emerging line of type ¥ * or ¢~ are
allowed, with a form factor e*?/% (the k; are arbitrary momenta); further-
more, such vertices must be on scales 4, #,,... between 0 and 4 and the
lines corresponding to them have to be ignored in the localization proce-
dures.

822/59/3-4-6



620 Benfatto and Gallavotti

Then one is interested in the graphs generated by such vertices,
arbitrary trees, and no external lines. It is clear that (by the relation deter-
mined in Section 3 between Schwinger functions and the effective potential)
the C, size of such graphs evaluated on a given tree is a bound on the
Fourier transform of the contribution to the Schwinger function from the
considered graph and tree.

We shall consider in particular the graphs with m graph elements of
the types in (8.1) and (8.2), and two one-line vertices of type ¥, y ~. This
is the set of graphs relevant for the pair Schwinger function, ie., relevant
to calculate the function wi{k) introduced in (5.33) and (7.14).

If we now suppose that the frequency labels of the lines coming out of
the one-line vertices are A,, h,>h, the estimates in Section 10 provide
obvious bounds. However, the bounds that one finds are useless if perfor-
med naively. This is in fact a major problem: its solution is deeply connec-
ted with the underlying symmetry, pointed out several times, generated by
the fact that the quasiparticle fields are a redundant description of the
particle fields.

Let 4 be the set of contributions to the effective potential of degree
two in the fields: the irrelevant ones can be divided into those contributing
to terms like Y ¥S/, D*D~, D*S [see (7.8)]. Given G € %, its contribution
to the pair Schwinger function at external momentum k can be written as

jg(k—w', o) Walk, o', 0) §(k — 0, ) do do’ (12.5)

where g(k, ) is the Fourier transform of the free propagator g>"(x, ®),
which is uniformly bounded from below by 1/(1kol + pg |41), if k= (ko, k)
and k=, pp(1 +4).

For instance, a graph contributing to the terms ¢, S, ., of the
effective potential will give a contribution to the pair Schwinger function
of the form

[ =gz — 2, @) W oz g, y—x, 0, 0)(x—y)?
xg'(y—y +t(x—y) @) e " Vidideo do' dx dy dz dy’ (12.6)

where ¢ is an interpolation parameter, V; is a suitable kernel, and (x —y)?
is a two-index tensor contracted with the tensor of the second derivatives
g"; (12.6) can be rewritten as an integral, over the ®, @’ variables and over
the interpolation parameter f, of the expression

Sk— ', @) Vlk, k- o), 0,0) g (k—o,o)

=gk — o, @) [ Vlk, t(k—0), o, o), (k- ), (k- )] {k—o, )
(12.7)
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where V. denotes the Fourier transform of (x —y)? ¥, so that W, [see
(12.5)] is defined by the term in square brackets.
The sum over the full set of contributions is

Y Welk, o, 0)=w,k) (12.8)

Ge¥

and is ®, ®' independent by the symmetry property pointed out in
Sections 5 and 7.

Therefore, we can choose, in evaluating w),, which is our main concern
here, @, @’ arbitrarily. We take them as o =0'=o, if k=(k,, k) and
k=pp(l +4)®,, so that |4]| pg=||k| — pr|. We deduce that a bound on
the contribution g(k)*w)(k) to the Fourier transform of the Schwinger
function from the graphs G associated with the terms iy *S! in the effective
potential can be computed, bounding (k—w,)* by (pg|4|*>+kZ) and
|&(k — w, )| by 1/(p |41* + k), by

[ dt doo’ do |g(k + ', @) [Palk, 1(k — ), @, o)

x | gk + w, 0)] (pE4” +k2)
<270 Y [ 2 e

hyzh vy

<const-27" (12.9)

This simply follows by remarking that 2" |F4(---)| is bounded by the C,
size, in the sense of Sections 9 and 10, of the graph with two external lines
obtained from G by regarding the two lines ending in the two one-line
vertices as external lines.

Of course, once we fix the gauge o =® = w, we are not allowed to
change it when estimating the contributions of the other graphs: but the
same choice simply works for all the others, too. Hence the part of order
m in the running form factors of wj,(k)/(k3+ pz4*) can be thought of as
generated by the appropriate graphs, receiving a contribution bounded by
C™2 " from each of them.

The above conclusion can be improved using the results of Section 11,
where it is shown that there is, in the estimate of the size of a graph with
two external lines, a gain of a factor 2%, where ¢ is a small enough (<1/4)
positive pre-fixed number [see (11.8)]. Hence we get the bound

2-U=akp S [T 27" M%< const -2~ (o (12.10)

hyzh vz
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The result of this analysis is that wj(k)/(p24?+k3) can be bounded, to
order m in the running form factors, by

m! C™ . const .2~ (1=} (12.11)

for any (pre-fixed) e < 1/4.

In other words, the contribution of the irrelevant terms in the effective
potential to the Fourier transform of the two-point Schwinger function
with infrared cutoff at length scale (2p,)~! is much smaller than
(ko + ||kl — pg|)~" for all momenta in the range 2"~ 9%p,> |k,| +
|Ik| — pg| > 2"p,. The latter are the momentum sizes corresponding to the
scales between 2-U~9%p-1 and 27%p;'. Hence, such contributions
provide, in this range, singular corrections small compared to the linear
singularity, ie., of type 1/(|kol +||k|l— pel)=(2"po)%, of the free
propagator.

13. THE BETA FUNCTION TO SECOND ORDER.
BASIC CALCULATIONS FOR d=1,3

In this section we describe the computations necessary to write the
beta function truncated to second order in the running form factors 1,
using the localization operator . introduced in Section 7 and modified in
Section 11. Note that we have shown in Section 11 that, if =3, these are
the only contributions of O(1) to the beta function involving only the form
factor 4, if the conditions in (12.1) are assumed. This not the case if d=1:
the latter case will be reexamined in Section 15. It is also easy to check that
the computed terms are identical if one uses the definition (7.5) of £ or the
one adopted later [see Section 11, remark following (11.7)].

We shall also compute the second-order contribution to the beta
function using the alternative localization operator %, also introduced
in Section 11; we shall use it in the heuristic discussion of Section 14.

We compute, therefore, the contributions to the 4 equation of the two
graphs

NG (o w2 i
(13.1)
«’ (0]
w4 w? w4 w3

which we call the direct graph and the exchange graph.
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We choose x as the localization point and suppose that the two
vertices represent

4
— | dx T] do, A(®,, ®,, @,, ©,) ePFet+or=o—eox
i 1 2 3 4

i=1

xapt, W - (13.2)

X xmzl//xuu xXmg"

and, in the case in which we study the beta function corresponding to the
localization % introduced in Section 11, we shall suppose that A has the
form of a function in the range of the operator P, [see (11.5)]:

I(mln @), 03, Oy) = %[1(0)1;(03)_/1((01; 04) — Mo,; 0;) + Ao,; 0,)]
2(m1§m3)51((‘)1a —0, 0;, —®,) (13.3)

The latter form for Z(m,,..) is not general: we see easily, however,
that if d=1, the antisymmetry properties of 4 in (1,2)« (2,1) and
(3,4) <> (4, 3) and the symmetry in (1, 2) <> (3, 4) imply that Z must have
the form (13.3) with A(®,, ®;) odd in @, as well as in ©,.

In the general case a function with the symmetry properties of 71 can
be written in the form (13.3) plus a remainder consisting of terms vanishing
at the points ®,= —@,; or ®;= —o,. Following the notation of
Section 11, we call the two terms, respectively, P-4 and (1 —P.-)7 [see
(11.5)]. We call the function A(®;; ®,) the coupling between the two
Cooper pairs +®, and + ;.

The function A(m;; ®;) is a complete description of the local part
of the quasiparticle interaction if d=1 because, as remarked above,
(1—P.)7 =0 in this case. In the heuristic discussion of Section 14, we shall
give arguments based on the idea that if d> 1, the local part of the inter-
action is not entirely relevant and the part (1 — P)7 can in fact be put in
the irrelevant effective potential, thereby reducing the problem to a simpler
one described by a reduced beta function.

The evaluations of the beta function to second order using ¥ or %,
are trivially related. Assume that the second-order beta function for the &
localization has been computed expressing the variation A'—4 of
Alm,, ®,, ®;, ®,) as a sum of two terms J,(®;, ®,, ®;, ®,). Then we can
get the beta function for the localization %, simply by using a
four-argument 7 function of the form (13.3) and evaluating the result at
(0,, ®,, ®;, m,) in the Cooper pair configuration (®,, —®,, ®;, —0,);
hence, the variation of the running form factors associated with %, will be

Ao, 0)=0;0)+ 5, (0;0')+ 5,(0; ) (13.4)

i

where J,(®; ®') denotes J,(», —0, o', —®').
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If we shorten [, W/, ¥ oV v, 10 W i234:, the values of 6, and J,
are extracted from the values of the above two graphs, which we write in
the direct graph case as

4

4
2'fdx H d(o elPF(ﬂ’l+(D2 @3 — 04)X. ¢1234
i=1

x f dode dz o, ®,, , 0') 10, ®, 0;, g,) e PHe T —oi—o)

x 2% g"(2"poz, ®) g"(2"p,z, )
+2g"(2"poz, @) g<"(2%pyz, @')] (13.5)

and in the exchange graph case

42 4
de l | dco e — ipF(©} + 02 — @3 — 04)X
21

i=1

X W 19340 {J dodo' dz X0, 0, 0;, ')

X (@, ®, 04, ®) 2%G,(2"pyz, ®, ©') e‘i”F(m"m‘”1+“’3”} (13.6)
AS

where the AS label means that the expression inside the brackets has to be
antisymmetrized in ®,, @, and ®, o, separately. No such antisymmetriza-
tion is necessary on the first term. The G, function in (13.6) turns out to
be identical to the term in square brackets in (13.5), to leading order as
h — —oo, using the fact that g(z, o) is odd in z at the leading order and
in fact can be computed from the formulas

gW(&, w)=co(t— B imE) yo(&)
(13.7)
g @) =co(t—piwk) Z 22myo(277€2)

where ¢, is a constant [see (A9)], £ =(t, &), and £2 =12 4+ £?/B2 This is not
essential in what follows, but it greatly simplifies the calculations. The main
problem is that, if the subleading terms are included, the G, function
appearing in (13.6) is not equal to the square bracket terms in (13.5), and
this leads to minor corrections in the analysis below.

We see from (13.7) that, if (A9) and (A10) are taken into account and

if we set
c U do, da 1 1 1
14 o705 ooy oy

+2 Y 22"5<1—i_22">] (138)

n= — o x4y 5
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then

Gi(é o 0)=(t—if 'ot)(t—if ') (&)
, (13.9)

y(z)= J1;2 do o{a) e 74

and the Fourier transform of G, at zero time momentum appearing in
(13.5) and (13.6) has the form, evaluated at the space momentum €2 and
for d=3,

6@ o, 0)= [ dE ™G, 0, )

—4(4n)? p? j 2o(a) du

» <(€0—m’)2

VR 18’0 - Qo' Q) e 0 (13.10)

so that we can rewrite the coefficient of the Wick monomial in the ¥ in the
direct graph (13.5) more explicitly as

20541 [ 276G, K prefp) @, 0, @)
X A0, 0,, 0, o) 0, 0, 0;, 0,)dode’ (13.11)

with Q =, + ®, — ® — ®’; and in the exchange graph case

. %'[2——&171)}1 do do' py @+

x[G,(27"(pr/po)@— 0 + @, — ), ®, ')
x Ao, 0,0, o) o, o, o, o)

— G2 (Pr/po)(@ — 0 + 0, — 0), 0, o)
xA®,, 0, 0;, 0') I, o, 0,, ®)
—Gh2 7 (Pe/po)(@— 0 + 0, — 0,), 0, o)
x @, 0, 0, @) X0, 0, 0, )

+ 6,27 (pe/pol @ — 0 + 0, —0,), ®©, ®)

xH®,, 0, 04, o) A0, 0, 05, ®)] (13.12)
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The contribution to the beta functional of the above graphs is
T (0, 0,0;50,)

=7 (0,0,0,0,)
+2 J 2~ d=Dhp S+ D dey dey’

X GAh(zvh(l’F/Po)(ml +0,-0—-0') o, o)

X Ty(0;, 0,5, 0, 0') T, (0, @, a3, 0,)
-2 J 2= Dhp ~d+ D do dw'

X [Gh(zgh(PF/Po)(m -0+ 0, - 0;),0,)

X1 (0, 0, 0;, 0) 1,0, 0,0, )

- éh(27h(PF/Po)(‘” -0 +0,—0,),n, )

X Ih((‘)za , 0)3, (,0/) j:h((")l, (D/, ('045 (1))

- Gh(z_h(PF/Po)(m -0 +0,—-0,),0,0)

X Ih(('oh (09 (047 (0’) Ih((")Z’ ml, 0)3, (D)

+ G2 Mpr/po)(@— 0 + @, —0,), 0, o)

X 1,(0,, 0, 0, 0) (0,0, n; o)] (13.13)

To evaluate the contribution (13.4) to the variations é,, J, of the run-
ning form factors A(®; ®') associated with the % localization, as remarked
above, we simply must evaluate (13.11) and (13.12) at the Cooper pairs, i.e.,
for ®,= —®,;, ®,= —m,. The results are

0(0, 0;)= —Jdm de' py @ty -@=hn

x G427 "(pe/po)®@+ @), 0, 0')

x [Ho,, o) (o, 0;) - (o, 0) l(e;, 0)]

6:(0y, 03)= —4 | do do' py @+~ Dk
x [G‘h(zﬁh(PF/Po)(ﬁ) -0 +0,-0;),0,0)
x o, 0,0, ) (-0, o, —0,, ®)
- Gﬁh(zih(PF/Po)(m -0 -0, -0;),n,0')

X H—w,, o 0, o) (0,0, —0,,n)] (13.14)



Perturbation Theory of Fermi Surface 627

where the symmetry properties of (13.3) and (13.10) have been used to
simplify the expressions.

At this point we must distinguish the d =3 case from the d=1 case. In
the rest of this section we continue with d= 3. The d=1 case can be treated
in a much more satisfactory way and is deferred to Section 15.

Not surprisingly, it is useful to represent, if d=3, the functions in
(13.14) and (13.10) via the spherical harmonics in the polar coordinates J,
@, of o, which we denote with the usual notation, namely Y, (®)=
P, m(cos §) e™?C,,,,, where

fml|

P1,|m|(x) ={(- 1)""| (1 __x2)|m|/'2 d

dx\,y,]PI(x)
Pl,|m1(x):(_1)[+[mPl,\m|(_x)
H 4t
Piny= S 1y
(13.15)
) (n—m|)!
C1|m1 (2l+1)__——_(n+|m|)!
Z Y Vu(0)7,,(e)

-\.

m= —/

1
21+ 1) P o)= Z (@) Y, ()

where (8, ¢) are the latitude and a21muth coordinates of ® in an arbitrarily
prefixed frame of reference on the Fermi sphere.

Thus, we define g(Z, #) by the expansion

pg T2 G (2 (pe/po) (@ + 0), , )
=) gl h) Y, ,(0) Y, (o) (13.16)
i,m

where we used the fact that the lhs is a function of ®w-:w’. Moreover,
g(l,h) -, . b(—1) with >0, because 2~ “~V4G, is an approximate
delta function with width 2" in the variable ® + ®’. The positivity of b
comes out of an explicit calculation; see below.

We can also write

Moy, 0;)= Z inm(ml)Ylm( 3)

I=odd,m
=) 2I+1)1,P(0," ;)
{odd
(13.17)
0,(0;, @;)= Z 5i,1Y/,m((°1) Y, q(03)
I=o0dd,m

=Y (2+1),,P(0, o)

/odd
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where only the odd /’s enter into 4, d, since they are separately odd in ®,,
®; and, furthermore, they are symmetric and rotation invariant in ®,, ®;
(the latter property also is needed to explain the / dependence of the
coefficients).

Then, for all odd I, the g(/, &) are eventually negative for all negative
h large enough in modulus and simultaneously for all /

6= —L[g(0,h)—g(L, )] 17 <0 (13.18)
In fact, g(0, &) = |g(l, h)|, since |P,| <1 and
g, ) =4(4n)? B [ a(@) du [ 27~ VM (0 — 0')/4

+ 27 (pp/po)’ ef*(1 + @+ @')*]
x {exp[ —(@+ ') a2 % (pg/po)*1} Pi(w- o) py @+ Y dav
(13.19)

Furthermore, if / is odd, one realizes, by changing @’ into —®’ that g(/, 4)
is <0 up to a correction of O(2") coming from the second term in the
integral in (13.19). The limit as A — —oo of the coefficient in the rhs of
(13.18) is —2b, where b >0 is the limit of g(0, 7). One can easily estimate
an l-independent value of 4 such that for all smaller values | g(/, &)| > b/2.

The theory of 6, is more elaborate. We begin by remarking that [see
(13.14)]

020, @) =55(0, — ®;) — 55(e, + 03) (13.20)
where, f Q=0 — 0+, —®; and N= \/& B2 *(pg/po), and if the func-
tion ¢ is

G(2) = 42(4m)? Boo()/[ (/o Blpr/po)' ™" PG+
we have

Sx(0; — @3) = —j 6(x) dx j do do’

PRV
X {Ndl [((0—49—)—+N203~Qw’-ﬂ] eNznz}

x o, 0,0,,0) (-0, o, —0,;, o) (13.21)

and we realize that d,,=24,, for all odd /.
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Therefore we study the distribution

f{Nz [(_‘”;:’lJerm.Qw« . Q} e—Nzﬂz} Flo,0,00") dodo’ (13.22)

where F is a test function, N — oo, and d=23.
In Appendix B we analyze (13.22), choosing

F((D 0)3('0(’) ) 42 [i(ml’(’*h) ((1)1,(1),)—1(0), (1)3)+l(0), (!),)]

x [AMo, 03)+ Ao, o)+ Ao, 0;)+ (o, 0)] (13.23)

We show that the leading term as N — oo 1s given by

d 1 :
<F>I(NA)—<F>8 H<ANAzyv[2+(y2"i)"""”3]"y (13.24)

where, if R, denotes the rotation by ¢ around the axis parallel to A,
<F> j F((’)la('l)}aR(’)B:Rw)

d(p 1 \
nd2 2l ('03)_-)“((‘037R(pm:i)_/{‘(ml:Rgpml)]

x [2A(0, w;) + A(®,, R,m;)+ A(o;, R,0;)] (13.25)
It also follows that 6, and J, satisfy the bounds
16,1 < C(max 2?) (13.26)

|6, < C(max A2) [JO(NA) +ﬂ (13.27)

where
2

Jo(x)= J dy y’e V< C

13.28
14 x3 ( )

The above bounds are not sufficient for the theory of the flow
generated by the full beta function, nor that of the reduced one in (13.4).
One can find some better bounds by making more use of the form of 0y
however, we cannot really solve the problem even in the case that all the
higher orders are neglected. We give a heuristic discussion on this point in
Section 14.

In Section 15 we analyze the d=1 case, which is very easy if treated
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with the above techniques, because the Fermi surface contains only two
points and therefore there are no longer infinitely many marginal directions
in the renormalization group flow.

14. ANALYSIS OF THE RECURSION RELATION.
HEURISTIC CONSIDERATIONS ON THE CASE d=3

As repeatedly stressed [see observation after (7.10)], the recursion
(11.30) for «, {, v involves scalars rather functions on the Fermi surface. A
first interesting application of this remark is that the condition of bounded-
ness of the running couplings can be combined with the immediate conse-
quence of (11.30):

0
Vi =A" o+ S AT BV, Vo)
k=h

0
=A4"" |:A Vot Y AB(vis vo)] (14.1)
k=h
If we look at the v component of v,_,, we see that (14.1) becomes

0
v, =27" [Zvo + Y 2°BO(veenns vo):I

k=h

0
=205+ Y. 2BV Vo) =0 (14.2)

— O

where the first relation implies the second if one imposes the boundedness
of the form factors:

Vil <M (14.3)

Similarly imposing «_ . ={_, we get a scalar equation. Hence, the just
mentioned equations are two scalar equations formally fixing the values of
Vo, do. If the (®, ®') independence of v,, a,, {, had not been taken into
account, it would have appeared that o, v, should have been determined
by imposing that v_ (@, ®')=0 and {__ (0, o )=a__(®, ®') and the
problem would have looked overdetermined.

Before studying the consequences of the form of the initial interaction
on the ® dependence of the more complicated form factors 4,, we recall the
outcome of the analysis of Sections 11 and 12. Setting 4, =1 and 4,_, =1
and using a similar notation for the running constants, (11.27) can be
written
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A =i+ BZ (0, v A)+27B32 (e, v A)
vi=2v+2"BZ (o, {, v, 4)
=o+ v +2"B7 (o, (v, A)

/ (14.4)

o

('=(—= BV +27BZ (e, v, 4)
where we use a notation similar to (11.27), but this time the B functions
depend only on the variables on a single scale; they are formal power series
with coefficients obeying factorial bounds like (12.4). Thus, we see that all
the nonlinear terms referring to «, {, v have in front of them an extra 2%
with the exception of B”v*; hence, they are, order by order, small if the
running constants are uniformly bounded.

This can be used to infer that one expects that, fixing conveniently the
two free parameters «,, v,, the flow generated by (14.4) has a solution
satisfying the two conditions that o, —{, =0, v, — 0; and the convergence
to0ash— —oo of v, a,—a_ ., {n—{_. can be at a rate of O(2"):

vh|<const~28h, la, — o _ |<const-25h, {Ch—C_OO|SCOnSt-2£h
h o

Of course, one would like to check the consistency of the assumption
(14.3) at least when the beta function recursion is truncated to second
order: this is difficult because the recursion relation for 1, is still too com-
plicated.

The idea to simplify it is to go back to Section 11, where we men-
tioned the possibility to use a more complicated ¥ operation, named %,
keeping the linearity of the operator %, thus never breaking the gauge
invariance. Then use the fact that the original dependence of the interaction
on the fields y, implies, together with the gauge invariance, that the func-
tion A(®,, ®,, ®;, ®,) has to be rather special, just as remarked for the
O(h((ﬂ, (,0,), {h((!), (!)/), Vh((!), (!)().

A simple calculation shows that the functions 4, must have the form

Aoy, @y, 03, 0,) =4,(0, @3, 04) — 4,(0,, ©3, @) (14.6)

where the functions 4, are rotation invariant and have the symmetry

A(m15m2>(’)3)= _A((’Oln(’)BawZ) (147)

Hence we can think that the (14.4) is a recursion relation expressing
the three scalars «,, {,, v, and the functions 4,(®,, ®,, ®;) in terms of the
same quantities with higher scale indices. Unfortunately, there seems to be
no projection operator which projects a function Ao, ®,, w;, ®,) onto
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the functions of the form (14.6), defined by means of purely algebraic
operations. Hence we cannot make efficient use of the above simplification.

The guide to our attempt to understand the flow of (14.4) has been the
conjecture that the 4,, even in the form (14.6), still contain irrelevant terms
which have to be taken out. This is the interpretation of the choice of the
new localization operator Z.

The operator P introduced in Section 11 [see (11.5)-(11.7)] acts
algebraically on 4, and therefore one can envisage performing the estimates
of Section 10 anew with the localization operator & replaced by a new
localization operator which acts as before on the monomials of degree two.
On the monomials of degree four it acts first as in Sections 7 and 10 and
successively it changes the localized terms by altering their form factor
from 1, to P4,.

Then we easily check that all the contributions to the new B functional
in the formula analogous to (9.1) from graphs with more than two 4 ver-
tices and at least one loop with three (or more) lines are bounded as
demanded by (14.3) and the problem can probably be reduced to the
graphs of first and second order in A (such graphs are the only ones for
which one cannot be helped by the extra powers of 2 discussed in
Section 11). The exchange graph also gives no problem in the estimates,
as shown by the bound of 8, in (13.27); in fact, 3, Jo(2 ~"4) < const. But
the direct graph definitely gives a contribution contradicting (14.3) if
An(0;, ®3) is just supposed to satisfy (14.3), since the bound (13.26) on ¢,
cannot be improved.

The situation changes if, in addition to (14.3), one supposes that
Ai(®;, ®;) for h—> —oo is of the form

An(0; @3) :fh(|2ih(m1 “(’33)|)—fh(|2_h((91 +®5)]) (14.3)

where f,(x) is a family of functions tending to 0 as x— oo. Then the
integrals in (13.21) and (13.14) can be estimated asymptotically and one
gets an explicit form for the leading term of (13.4). Nevertheless, we have
not been able to study the recursion equation, not even to second order
[ie., (13.4)], under the hypothesis (14.8).

On a heuristic basis we present a remark which we think is of interest
(stressing that from now on the discussion is purely heuristic). The fact that
the graphs with more than two four-line vertices do not give problems in
deriving bounds like (14.3) should mean that they could actually be com-
pletely forgotten in the subtraction procedures. Hence the really important
part in the description of the flow of the form factors should be determined
by the two basic second-order graphs. One can thus be led to consider
seriously the recursion to second order described by the two second-order
graphs built with two vertices with four lines.
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Consequently we shall try to study the reduced flow generated by the
P, operation [described by (13.14)]. We look for a solution of the flow
which asymptotically approaches as #— —oc a function 4,{®,, ®;) of the
form (14.8).

We first want to discard the possibility that 4, takes the form (14.8)
with f, — f, where f is a regular function not identically zero. It is easy to
check, using the estimates on the second-order graphs in Section 13, that
the contribution of the direct graph to the flow tends to vanish as A —» —o0,
while the exchange graph gives a contribution which keeps f fixed
(asymptotically in /), provided f satisfies the fixed-point equation

J)=F(x/2) = I(x/2) f(x/2)*,  floo)=

oo (o) j
& xﬁ(pF/po) J

C=(2m) 2 ptp

xB(pE/po) e iy (149)
'y .

I(x)zcjda

where o(x) and ¢, have been defined in (13.7) and (13.8); the relations
(13.21), (13.24), and (13.25) have also been used.

The relations in (14.9) can be rewritten in dimensionless form by
introducing

S (o(a)de 1 exVE oL

I(x)_j———cé x\/;jo y2e " dy

f(x)=gC Y (B(pr/po)x) (14.10)
g=Cf(0)

We thus find that the relations in (14.9) become

F(x)=7(x/2) — gl(x/2) f(x/2)?

_ (14.11)
f(0)=1
with the further condition f(oo)=0. It is interesting to remark that the
above equation for / admits a family of entire solutions. If one imposes the
condition f(oco)=0, one finds that the only regular solution is /= 0.
Hence we see that the exchange graph contribution to the beta func-
tion seem unable to keep 4, away from zero and at the same time a
(regular) function of 2 *(®; — w;). On the other hand, one expects that if
A, does not go to zero, it has to become a function of 2 *(@, — w,); see
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below. It is therefore very natural to think that the flow will asymptotically
go to a limit regime in which
@ 03) ——>0

h—> —wo

(14.12)
Vh_’()’ ah_)c—ooa Ch_’cfoo

and the Fermi surface would exist and be normal.

The mechanism whereby A,(®,, ®;) cannot stay smooth in ®,, ®; for
too many values of £ could be that the exchange graph would be very
small, as long as ®@,, @, are fixed (asymptotically it vanishes exponentially,
as seen in Section 13) and the flow is determined by the direct graph. The
latter, however, acts trivially on the spherical harmonic expansion of 4,: see
(13.18). And if the interaction is repulsive, we see that the 4,(#) component
of 4, evolves, at fixed / and large A, essentially as

Ay(h—1)=4,(h) = BA,(h)*

ie.,

2 ()~ 4,(0)

S O (14.13)

where >0 is g(0, —oo) with the notations of (13.18), and [by (5.22),
(5.23)] 4,(0)=0.

Hence the low-angular-momentum components are depressed as h
grows, provided one understands why they stay nonnegative, and their
relative importance diminishes and 4, looks more and more irregular as
a function of ®,, ®;, so that the (14.12) seems at least an interesting
possibility.

From the above argument we also see that the sign of the potential is
relevant and the whole mechanism can only work if the interaction is
repulsive.

We refrain from elaborating on the theme, as the discussion would be
based on a too strongly conjectural basis.

However, we formulate in a precise fashion our basic conjecture: the
map (13.4) acting on functions 1,(®,, ®;) with a Legendre expansion, like
the first of (13.17), with nonnegative coefficients, is such that the iterates of
the map behave as (14.8) with 4, satisfying (14.12).

15. ONE-DIMENSIONAL MODELS. ANOMALOUS SCALING

In the d=1 case the calculations are simple: the (13.14) still hold, but
this time the integrals are in fact sums over two possibilities and they can
be immediately computed.
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In this section we write x= (¢, x), k=(ky, k) and the quasiparticle
momenta will be denoted w = +1 or, when we want to stress that w can
be thought of as the space component of the vector (0, 0), we shall also use
the notation o.

The factors 2~%* become in the d-dimensional cases 2~ V% hence,
they are absent if d=1. Furthermore, the symmetry properties of 4 imply
that in the expression for §, we must have w= —w’, while in J, the
antisymmetry forces o = —w,, ®'= —w;, w; = —w; in the first term and
w=w,, o= —w;, ® =0, in the second; the integrals over w’s are
averages, ie., [do=2""'%,_ ., and we see that if

Bo= G0, 0, —@) =4(4m)? B [ ao(x) du
it is
S1= —BoA2H+ 027, 8,= A% +0(2%) (15.1)

where we set, in this section, 4 = A{w, o), §,=6,(w, w)—a convenient nota-
tion, as there is only one coupling constant A in terms of which the
Alw,, wy) can be expressed. It is in fact

Moy, 03) =0, w34 (15.2)

A complete calculation, including the nonleading corrections, is also easy
and the result is

81+ 6, =[B2% +0(2°")] 22, <0 (15.3)

The above cancellation of the leading terms in (15.1) is, however, acciden-
tal: to remove it, one should investigate the higher-order terms in the beta
function. The calculations of third order, although straightforward, are
quite delicate and with many cancellations: we only give the results. We
find that the beta functional is, to third order in A,

Ay =dp(1+ Badi+ o)+ 22, A5+ ) (154)

where 0 < f; < 0.

The third- and higher-order terms also contain the other running
couplings, but (15.4) is already sufficient to infer that the theory is not
asymptotically free. This is unfortunate, as in the one-dimensional case it is
clear that the model is a kind of Gross—Neveu model and one should be
able to apply the work of ref. 19 to deduce that if |A,], a,|, |val, £l <M
and M is small enough, then the formal power series describing the beta

822/59/3-4-7
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functional is convergent and one could have hoped to study it completely
via the technique of refs. 19 and 24.

Unfortunately, ref. 19 treats the running couplings flow and obtains
analyticity properties without explicitly referring to our beta functional
(introduced in refs. 16-18) and we have not really gone through ref. 19 to
check that their results imply the analyticity of our beta functions. Hence,
strictly speaking, we do not have yet a formal proof of the analyticity of the
beta function. We shall come back to this technical problem in a later
publication.

One can hope to use the convergence of the beta functional to look for
a different type of asymptotic behavior of the running form factors.

In situations of lack of asymptotic freedom it is by now well known
that one ought to look for anomalous scaling behavior: this could manifest
itself as an anomalous dimension when the relevant Schwinger functions
decay at infinity with a power |x|?*" faster than the corresponding free case;
or they decay at infinity faster by c(log |x|)°. In the first case one says
that the system has an anomalous dimension n (and 5 can have any sign);
in the second case n =0 and the anomaly is just in the ¢, ¢’ logarithmic
corrections.

Our formalism, so far, has not been developed so that it could allow
for anomalous scalings. It is, however, straightforward to do so, and we
only describe the variations of the technical details to adapt the work of
Sections 6-10 to the anomalous cases.

We follow a procedure learnt from G. Felder in scalar field theories.
The fact that w= 41 is heavily used, however; hence, what follows is
typically one dimensional.

Conceptually one introduces a sequence Z,, Z _,,... of constants. The
constants have to be dynamically determined: it emerges from the coming
analysis that the possibility of anomalous scaling can work only if the
already analyzed method to exhibit normal scaling fails, and vice versa.

One thinks of defining a sequence of fields ‘<* which are defined in
terms of the Z, and of the fields y/<* with propagators defined by (4.5)
as

Pz iy 77, (15.5)
and we shall denote the integration over ‘<" by P(d}‘<") for Z > 0.

The recursive definition of the sequence Z, proceeds as follows. One
starts from Z,=1 and considers the relevant functional integral:

[ P =0 exp — v O(Z42p1=) (15.6)
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As already done in Section 14, we can use the remarkable symmetry
of V™ implying that V* depends only on the particle fields:

(<h)+ _.j Imexl/l;ih)+ d(l) (157)
and we can think of P, (di)'<") as a distribution on the fields  (<* or as
a distribution on the quasiparticle fields (as we please!), as long as we
integrate functions of the fields depending on /(5" via the particle fields
(15.7).

We use (15.5) and, hence, the possibility of representing ‘<" as

Z, Y+ (Z,)Z, )R (15.8)

where (<", ™ are cither particle or quasiparticle fields. Integrating
(15.6) over '®, we reduce the integration over (<% to an integral over

l/;(é—l):
| P2 (=) exp — P D(Z 1< D) (15.9)

where the 7(~1 is not the same as the effective potential introduced in
Section 4. If Z_, is known, then ¥~ has to be determined so that the
(15.9) holds. We shall see that this is possible in many ways (e.g, Z_, =1
has already been discussed): we choose here to determine Z _, by imposing
that ¥ =1 does not contain one of the relevant terms; precisely we impose
that Zy ~ 0,4 ~ has a vanishing coefficient.

Introduce the kernel operators C, with Fourier transform

Cylk) =exp{ +[k2+ (K —k2)*] 2~ %p 2/4) (15.10)
operating on the particle fields ¥ or
Culk, o) =exp{ + [k{+ (Bok +k>/2m)*] 2= *p;%/4}  (15.11)

operating on the quasiparticle fields ¥, ,. We shall see that the above
definition of Z _, is possible only if one allows new fields to appear; the
new fields are

(0, +iBo,)(1 —C,) ()
or [0,+(=8"—pg)2m]}(1—C,) (=P (15.12)

The actual construction is explained in detail below.
Equations (15.10), (15.11) look horribly diverging at oo, so that one
needs to be very careful in studying the action of C,: one can apply it only
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to fields which have an ultraviolet cutoff strong enough to compensate for
the divergence of C,(k) (as, however, will always be the case).

The new fields (9, + ifw - D,)(1 — C,) Y57 will be added to the list
(7.1) and the recursive construction of the fields ¥<* and of the Z,
proceeds in the same way as in the normal case.

At the end of the first step we have built Z_, and we can proceed to
the construction of the ¥(=?. The calculations can be performed pertur-
batively by using the cumulant expansion.

Before proceeding, we give an interpretation of the new integration
procedure.

We can think of denoting by P, (dy<?), P, (dy™) the integrations
with respective propagators

h

z;t Y g, Z,'2, (15.13)
k= —ow0

To simplify the notation, we do not include in the quasiparticle
propagators the d(®w —@’) functions (which in this case are Kronecker
deltas) [see (4.5)], which in some sense are part of them: but of course in
computing the graphs we always impose equality of the @’s of two half

lines composing an inner line.
We then define the sequence Z,, V" so that the integral (15.6) is

given by

szh(dW’"“) f P (™) exp[ V(Z, 5 <")] (15.14)

for all 4 and with V™ not containing the terms £y o,y ~.

If the effective potentials are defined and the form factors are bounded,
we can interpret this as saying that the Schwinger functions with infrared
cutoff at p,2” behave as in the free case with a Z, correction:

Sen@2 Hx—y), @) = SE5 (27 (x~y), 0)/Z,
as h— —oo, (x—y)=fixed (15.15)

where ~ means that the logarithms of both sides, divided by A, have the
same limit.

In other words, assuming that, to leading order as s — oo, one has
Z, =272 we see that this means that the system has an anomalous dimen-
sion n and if, to leading order, Z,=c(—#h), then we see that the system
has an anomalous ¢, ¢’ logarithmic scaling.

We do not go through the heuristic argument necessary to establish
the (15.15) on the asymptotic properties of the Schwinger functions: this is
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well known (see ref. 28, Chapter 9). We just mention that, in the presence
of an infrared cutoff at frequency # and on scale p; '27"%, (3.9) is modified
to

Senlx—y) :_Z% g(;h)(x—J’) ——Zl—,f J g(zh)(x —-z)
x Vi(z—2') gomlz’ —y) dz dz’ (15.16)
Suppose that one could show that
VB (z, 0,7, 0)=Z,2"v,0(z—2') + Z,8,0(z — 2 )(if &' D)
+ Zywi(z—2") (15.17)

where 0,, %, are differential operators acting to their right on the z’'
variables. Then it would follow that, if |k| ~ py2”

~ S >mlk . o A
St =528 gt 525, g~ Wil) Gonlh)]
h
(15.18)

Hence we can use the obvious modification of Definitions 1 and 2 of
Section 5 to define the anomalous Fermi surface (with the same remarks,
limitations, and comments).

The theory of the flow of ¥ can be done by using the tree expansion.
We begin by writing the functional integral (15.6) as a formal integral over
the Grassmanian fields J *, = of the expression

expl — To(Zy™) = VAZ™)] (15.19)

where Z,=1, VO(Z)2))=VOY), and taking C, from (15.10), T, is
defined by
L) =Y. [ 1o+ iB0D,) Cobs, dx (15.20)

w

with &2 denoting the covariant space derivative.
Since exp[ — To(Z{*) diy] is the integration with respect to a field
with propagator with Fourier transform

Zy'g =Ok)=Z, ' Cy (k) —iko + Bo + k*2m) !
=Z, g+ Z5g=" (15.21)
we can write the integration over y by representing y as (Y@ + ) Z5 V2

with ® having propagator g®(k) and ¢ having propagator g{<%(k); see
Section 4.
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The integration over y® leads, via the tree expansion, to
exp[—T_,(Z;%)— V= UZyH)] (15.22)

where V(=1 is defined exactly as in Sections 6, 7, and 9.
Hence the relevant part £V (~1(Z32y) should look like

de |: Z Zo(mp f o Hiay S o' DBy 2 0 ) o PFl@— @)x
+Z§ll/j;1lp;:—1¢x,1l//x,1] (15.23)

We see that (in general z#0 and) the relevant term involves a nonzero
coefficient z for 0,. Therefore, according to the prescription to define Z _,,
(15.23) will be rewritten

[dxZoz T Y3al0,+i08,) C Y ,e @™

®,n’

+jdx{z [(Zon§ ] W5 +iZo(a—2) T BO DY L e TP

w, 0’

+Z§ll//;w J—:_wwx—w x—w}_i_l:f dx Z ei(m—w')PFx

w,w’

xzozwgw(a,wﬂm/@m,)u—C_l)n//;,w] (15.24)

The exponential of the sum of (15.24) plus the irrelevant terms has to be
integrated with respect to the distribution P, (dy< V). We can again
make use of the structure of the effective potentials, as in Section 14, to
claim that the integral must be a function of the quasiparticle fields which
is expressible in terms of the physical fields. If we imagine for a moment
that the effective potentials are expressed in either way, then we see that the
free distribution P, in the integration of the exponential of (15.24) plus the
sum of the irrelevant terms can be regarded as an integration with respect
to particle fields or to quasiparticle fields: the value of the integral of the
exponential of (15.24) is the same. (This apparently paradoxical property
is most clearly understood in the case of Gaussian integrations, where it
can be checked explicitly: it is an algebraic consequence of the Wick
integration rule and it holds also in our case where the integrals are only
defined via series expansions and the Wick rule: it is in some sense
analogous to the Ward identities in quantum electrodynamics.)
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The latter remark shows that if we temporarily return to the integral
of the exponential of (15.24), plus the irrelevant terms, interpreting the
P (dy'= ") as an integral over the particle fields, we can think of the first
term of (15.24) as being expressed in terms of the particle fields as

[ dx Zozy 10, + (=0 = phyam] C_yu; (15.25)

where C, is defined in (15.10). Hence, we can put it together with the
similar term in the free integral P, (df‘=""), changing it to
P, (df'="1), where Z_, is defined by Z_, =Z,(1 +z).

Finally, we can again apply the above remark to think of the integra-
tion with respect to P,_(cdf<~") as over the quasiparticle fields rather
than the particle fields. If we define the operator V{~(Z'24) to be equal
to the term in square brackets in (15.24) and the operator V& (Z'2 ) as
the difference between V(~'(Z//)) and the sum of the first and second
terms of (15.24), we see that V(=1(Z'24) can be written as a sum of the
form

Vi P(Z5h)+ vz )

=V zZh)
S N R R e S R A A

+22_1L1¢;1w;1w;1¢;_1}} (15.26)

with Z_; defined after (15.25), and Z_,6_,=Z,(a—z). Furthermore,
(15.22) becomes

exp[—T (ZYVid) -V Nz RY)] (15.27)

At this point we iterate the procedure and define V")(Z /%)) of the
form

PONZY) = PINZL0) + PPZ i)

ren=[ad| 2, T w000, (1528)

+ 2"vhl//§m'//;u,f)] 8““"‘“""”+ZZ?~h!ﬁi1l//,;f_llﬁx,u//x,;1}
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and the above analysis also implies that (" is expressed by a tree expan-
sion exactly identical to the one associated with the localization operator
& in the normal cases of the preceding sections with the (minor) change
that some new two-line vertices may be present in the graphs, correspond-
ing to the new fields

(0, +iBoZ,)(1—Cy) (15.29)

X,
with 4’ = h. The operation & is extended to the two- and four-external-line
graphs containing lines of the form (15.29) simply by using (7.7) and com-
puting the result: it turns out that the result of the action of & on such
operators is simply zero.

The beta functional defines a map of the form (9.1) which is construc-
ted by the same rules with more graphs, to take into account the new
possibilities that arise because of the new terms with the fields (15.29), and
with a suitable factor (Z,/Z,_,)" multiplying each equation (with n=2 for
the equation associated with A,_; and n=1 in the cases corresponding to
On_1> Va1)-

Furthermore, one finds, of course, no recurrence relation for the
{, running constant, which by construction is no longer present. The a«,
running coupling, too, is no longer present in some sense: it is replaced
by a conceptually new constant which we denote with a different name,
8, finally, there is a new equation which replaces the one for the {, and
determines the value of Z,/Z, , in terms of the previous values of the
running couplings.

The lines coming from the fields (2, + ipr02,,)(1 — C,) ¥~ originat-
ing in the vertices of the above type do not cause problems in the analysis
of the new beta function, as they necessarily occur as internal lines and the
bigness of C,, is compensated by the ultraviolet cutoff in the propagators.
It is in fact easy to see that these internal lines just behave as lines of
scale #' and, upon summation over /', as irrelevant terms [the reason is
that 1—C,(k) is big for k>2" but the fields on which it operates
have ultraviolet cutoff precisely at k <2"]. Hence, it behaves as a hard
line of scale 4’ with the power counting (in the dimensional estimates
corresponding in this case to those of Section 10) of (0,+i®wd)y ~ and
contribute essentially only on the scale ' [and therefore no localization
operation is necessary to control their contributions on scales A<#/,
which explains why % has been extended as described after (15.29)].

An explicit calculation of the lowest orders of the beta functional is an
easy repetition of the previous calculations. The only difference is that one
should take into account the contributions from the new two-line vertices
(which, however, start at fourth order in the A, equation and third order
in the J, equation).
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The result is very similar to the normal scaling case (11.31):

A1 =(ZW)Zy_ ) [ A+ 23 B1(A4) + 0,43 By(Asr 84)
+ ViBs(Ay, 645 Vi) + 2" R (A, 845 viy 2]

81 =(Z4/Zy_ )[04+ 470, Ba(Ay) + i Bs(Ay, Ops v3)
+ 2h§2()'h7 5h? vha 2h)]

Ve-1 =2(Zh/thl)[vh+vhiiB6()“h) (15.30)
+ 05AnBy( Ay 61y Vi) + 2" Ry(p, 84y viy 2]

V=(Z4/Z),_ )1+ 2} Bs(n)
+ 5h}“iB9(}“h7 0r) +)v;21VhB1o(;iha Ons Vi)
+ 2hR4(Ah: Oy Vi Zh)]

where we have computed a little more carefully the lowest terms to find out
the minimal power to which each running constant is raised; and the func-
tions B,, R, are analytic in their arguments 4, J,, v, (with a suitably small
radius M of convergence). This convergence, for [2,], |v.|, |8, small
enough, should again be a consequence of ref. 19, with the same warning
spelled out in the comment following (14.4) and in the Introduction.
Furthermore, the B, can be taken / independent (note, however, that the
R;, depending explicitly on ¢=2", introduce an % dependence). The R;
vanish to second order in 4,, J,, v,.

Note that the terms depending only on i, are missing from the second
of (15.30) in the B part: this is essential and it represents one more motiva-
tion for introducing the anomalous dimension. They disappear as a conse-
quence of the fact that at each step J, is essentially the difference between
the old running constants o, — {, and the variations of a,, {, have the same
term of O(A2); see the Bs terms in (11.31). A moment of thought shows
that this may mean that the discussion of the qualitative behavior of the
iterates of the map (15.30) is rather different from the corresponding
normal scaling case.

The lowest orders of the functions B; are explicitly computable; for
instance, B,(A)=f;+ ---, or Bg(A)= B>+ ---, where the coefficients 85, S5
are the same as those already introduced in the case of the normal scaling
discussion [see (15.4)].

It is convenient to eliminate completely the factors Z,/Z, | from
(15.30), using the last of (15.30) and expanding the denominators in
powers series:
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A1 =2y + A,G1(A) + 0,45 G (Mg, 0,) + VA5 G3(A, O, Vi)
+ tth(j'}n 5h’ Vi, lh)
8p_1=0,+276,Gy(Ay, 6,) + A7v,Gs(Ay, 04, Vi) + 1, Rl Oy Vio 1)

Vi1 =2V, + v, 25 Ge(Ay, 81 Vis 1) + 84 A0 Go( Ay, O, Vi, 14) (15.31)
+ R3()"ha 5}19 Vi, th)
tho1=2"'1,

having set 7,=2"" the functions G, R; are smooth in the (trivial)
parameter ¢, to any order and are analytic in their arguments 4,, 6,, v, for
small values, uniformly in ¢,. The R; vanish to second order in the 4, §, v
variables.

Clearly the first question is whether p;Z 5. If 5 <2p5, we see that
the first and the fourth of (15.30) have interesting consequences. If by fixing
suitably the initial &, (i.e., the initial «,) and v,, the constants é, and v,
approach 0 as 7 — —oo0, then 4, -0 as A — —oo and this happens at the
rate O(1//h]"/?); hence

0
Z,~exp Y. log(l+ pr4;)=c A (15.32)

k=nh

and a more careful analysis shows that ¢=B54%[1+ 0(4,)], and we see
that we have, in this case, logarithmically anomalous scaling with exponent
¢'=1 and ¢ proportional to 45.

Let B> 2p5 and consider the analytic function B(4)=4*G(.). Then
we look for a nontrivial solution A* of the equation

A=A[1+4 B(A)] (15.33)

Clearly the existence of such a solution would be easy if the size of the
ratio 8,/2B5 was very big and if ;! was very small compared to the radius
of convergence of the series for B, Bg: and in this case the point 2* would
be an attractor for the map A’ = A1+ B(1)]. Therefore it could be possible
to deduce from (15.30) that if 1, was small enough, then v,, d, could be
so chosen that the complete flow behaved as

A, A%, 8, v,>0,  Z,ma2 ¥i=[1+By(A*)]7">1 (1534)

and therefore we would have positive anomalous dimension independent of
the actual value of the initial Z,. Heuristically this should mean that the
singularity at |k| = pgp of the Fourier transform of the Schwinger function
changes nature from the discontinuity of (0.2) to a singularity

|k>— pZ|*" sign(pg— [K|).
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The existence of the nontrivial fixed point could be checked if the
above inequalities among the constants S5, f; and the radius of con-
vergence were strong enough: one could envisage trying a computer-
assisted proof of this fact. One is, however, a little hesitant at starting this
program, as there is no guarantee that it will work, since the inequalities
we hope for are, in any case, just sufficient conditions for the existence of
the anomalous Fermi surface.

Fortunately, this extra work, and a rigorous analysis of the above
possibilities, seems not to be necessary at all. There is a third possibility,
not yet examined, namely f;=2f5!, and one may even envisage that in
(15.31)

G,=0 (15.35)

i.e., the leading term in (15.31) vanishes, and one is left only with the
corrections to scaling containing the asymptotically vanishing factor z,, = 2*
and terms containing v, or ¢, as factors.

This is a very interesting possibility: philosophically, the best, because
it permits one to have an anomaly which varies continuously with the
strength of the interaction at least for small interaction. In such a case the
flow will be entirely determined by the terms proportional to 7, and hence
of size O(2"), and it will be very trivial. Fixing conveniently v,, &,, we
would have a flow in which

z, i
Zy, ¢ " k(o)

An o Ze A_(4o),
(15.36)

Va h— —a0 O’ 5” h— —oo 0

with A__, { . analytic near 1,=0 and with A__ divisible by 4, and
log x(4,) positive near 0 and divisible by 43.

Since the series for the G, are convergent, the above is the only way
one could have a flow of running couplings implying anomalies of the type
(15.36) under the additional assumption that 4,, §,, v, never get out of a
circle of radius O(4,). This is an anomaly 24 =log, k(1) = 0(4i2)>0,
which is very different from the previously considered ones, which were
independent of A,.

Of course, one could envisage intermediate cases in which the func-
tions G, vanish up to a finite order only. This would not change the situa-
tion, as it is easy to see that if they vanish to order n, then the anomaly
is logarithmic with ¢’ =1 —2/n, hence again independent of 1, and different
from (15.36).
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Therefore, a way to prove that (15.35) holds is simply to show the
existence of a model in which there is anomalous dimension analytic in 4,
at 0 and in which the flow of the constants , and v, is trivial.

It is not even necessary that the model be in the class introduced in
Section 1 and considered so far; it is sufficient that it can be studied via the
renormalization group and that it is described by a beta function with the
same G; as above.

Such models do indeed exist and can be taken to be the Luttinger
model or its slight variation introduced by Mattis and Lieb®>"); the exact
solution of such models by Mattis and Lieb@®?”) shows that it has
anomalous dimension 1 = O(43).

We shall choose here, as a reference model, the above Mattis-Lieb
variation of the Luttinger model and not the Luttinger model itself (which,
in many respects would be equally good) because (a)the variation has
been adapted to spinning models,*® and later we want to make some com-
ments on the extension of our work to such cases, and (b)the bosonic
representation (15.46) used below works for the Mattis-Lieb model.

On the other hand, the Mattis-Lieb variation of the Luttinger model
corresponds in our language to a model confined in an interval [0, L] with
periodic boundary conditions and with propagator

pilkot +kx)

1
: = — —_— 1 .
g(t, x; o) (27:)2Jdk° dk ot fok (15.37)

with an interaction somewhat artificial because it cannot be written in
terms of the particle fields y, , but only in terms of the fields ¥, ., ,,, which
are the quasiparticle fields (thus deprived of a direct physical interpreta-
tion). Nevertheless, it is an interaction acceptable by our formalism, which
works always in the quasiparticle language. The interaction is defined to be

jdz dx dy io(x —y) (t— 1)

<(Zmebine )TV Tsne)
« «

+ 3 [ Wiosedx+ [ odr+ AE (15.38)

where v, o are suitable (possibly divergent) constants, and 4E is a trivial
extra term [described below; see (15.40)].

We shall fix our model to be (15.38) deprived of the extra term AE just
because some formulas are neater (but we stress that this modification
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changes the Mattis—Lieb model in a trivial way: the energy levels are
shifted and the Schwinger functions do not change).

The reason for the introduction of the v, ¢ constants has its root in the
fact that (15.37), with a linear dispersion relation, gives rise to theories with
an ultraviolet problem.

The v, o can be determined by the introduction of a sharp ultraviolet
cutoff, say at 2Yp, with p; ! =range of the potential 2y; and by imposing
that the field theory is well defined on scale 0 and on this scale it is
described (uniformly in U) by an effective potential ¥'® which has short
range in the same sense in which the effective potentials V" in the
previous theories have short range for 2 <0.

In particular, it will be possible to identify a relevant part and an
irrelevant part of ¥® and, setting Z, = 1, proceed to study the flow of ¥
for h <0 in the same way as in the real model: it would be simpler, as one
can now simply use only the quasiparticle fields without needing the sym-
metry allowing us to switch from particle fields to quasiparticle fields when
desired [this is quite fortunate, as the symmetry, in fact, is not present in
this case, being already broken in the initial interaction (15.38)].

It should be noted that v, ¢ do depend upon the ultraviolet regulariza-
tion chosen to give a meaning to the initial Hamiltonian. Such ultraviolet
regularization is not explicitly mentioned in refs. 25-27; it appears,
however, that the authors proceed as if one had a sharp cutoff at frequency
U on the space momenta (i.e., there are no particles or holes with momen-
tum |k| = py2Y).

In this case, however, since the model is soluble, one can in fact even
compute explicit expressions for the counterterms. It is easily found (by
suitably interpreting ref. 26) that the correct choice is

v=—4(2%q+ pr) A0)2n, =20+ pr)? A0)/n*  (15.39)

This result stems from the fact that one can check that the interaction
(15.38) in the Grassmanian fields corresponds to a Hamiltonian of inter-
action equal to the operator H' in (4.6) of ref 27 plus (using here the
notations of ref. 27) a (finite) correction:

A(0) 2
4E = 7 |: Y (et ap —a o a* e+ a* ;20 _po— ak,zalf,z)} (15.40)
k>0

Alternatively, one can see that (15.39) inserted into (15.38) can be simply
rewritten as (15.38) itself without the o, v terms, provided that in the
fourth-degree interaction term one replaces the ¥ "4~ products by their
Wick products: this prescription seems better, as it is formally regular-
ization independent. If we decided to use a regularization with rotational
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symmetry (for w/2 rotations) in the space of (k,, k), then the Wick product
would coincide with the ordinary product because the propagator so
regularized would vanish at zero distance, by symmetry. In this case the
parameters v, ¢ would vanish, i.e., they would be very different from those
n (15.39).

The extra term (15.40) in the interaction is an operator which com-
mutes with the rest of the Hamiltonian: hence our variation of the
Mattis—Lieb version of the Luttinger model is a trivial one and it can be
solved by exactly the same method and leading to the same ground state
and to the same pair Schwinger function [the excited levels are trivially
related to those of the model without the extra term (15.40)].

For purposes of comparison with refs. 26 and 27, one considers
operators in Fock space, making the following identification of the
operators ¥ -, Y& with oury =:

l/’li(x)ﬁeiip]:xd/(i,o),-q-’ l/jzi(X)He$ipr (%—K,O),* (1541)

Note that in refs. 26 and 27 only the fields ¥F(x,0)=yF(x) are
considered; but consistently with Section 2 here, one could introduce

wE(x, 1) as
WER )= eTYE(x) e

To= [ dx {Lyi (0 8y 47 () 007 ]
eV OOUT U s (0]} (1542)

so that, in general,

YEX =ePY L L, Yi(x, H=e "y (1543)

Proceeding as in Section 3, one can put the problem in the language
of functional integration with respect to Grassmanian fields with
propagator (15.37).

In this model the ultraviolet cutoff is lowered from U to 0 by using
methods of superrenormalizable field theory. The lowering of the cutoff is
a necessary step because our methods work only if the range of the interac-
tion is the same as that of the ultraviolet cutoff. In the real model this is
a minor problem (as mentioned in the Introduction), but in the case of the
Mattis—Lieb model it is more serious.

The reason is that the free propagator behaves, in momentum space,
as 1/|k| when either k, or k goes to oo: while in the real model the behavior
as k — oo is as 1/k>
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For heuristic purposes one can begin by studying a formal perturba-
tion theory expression for the effective potential, on scale py ', V©: and in
fact this suggests what to do to go beyond the formal level.

One starts by integrating the high-frequency components of the field
(i.e., the frequencies higher than p,) directly in one step, without using any
scale decomposition. We do not use the graph elements of Section 8, (8.1),
(8.2); if we adopt the convention of writing the interaction in Wick ordered
form, there is only one graph element that matters, namely the first of (2.6).

If one examines the perturbation theory formulas for the effective
potential, one realizes that ultraviolet divergences can only be present in
subgraphs of the form

«

(15.44)

. - .
w

However, the (logarithmic) divergence is canceled by the summation
over @ and by the symmetry between space and time, so that there is no
divergence and the momentum dependence (at large momenta) of the sub-
graph (15.44) is A(k)? o(k) with o(k) bounded [instead of the a priori
o(k)~log |k|]. Hence, no divergence really arises—as expected from the
above property of the exact solution, which implies that the problem is well
defined as soon as one writes the interaction in Wick ordered form. It
also appears that once o(k) is bounded, the sign of the initial interaction
potential does not matter, as long as the strength is small enough.

The above argument shows that there is no problem at the level of
perturbation theory: if, however, one wants a fully nonperturbative
analysis, one has to discuss the mechanism which permits us to put bounds
on the kernels defining the effective potential V. We can do this under
the extra assumption that the initial potential is positive definite: however,
we think that this is a limitation due only to the technique that we develop.
And if one just wants a perturbative theory without control of the con-
vergence, this limitation is not necessary, just as it also emerges from the
study of the exact solution in ref. 26.

Assuming 43> 0, we simply use the well-known trick of the introduc-
tion of an auxiliary boson field ¢, , with propagator F with Fourier trans-
form

F(ky, k)= A(k)/A(0) (15.45)
and write the interaction

S0 [ ot dx (15.46)
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which, upon integration over ¢, manifestly generates the Mattis-Lieb
model.

We study the model (15.46) by decomposing the propagators into
scales by writing

ko: EZF

= {exp[ — (ko+ k) po /41} A(k)+ Z {exp[ — (k2 +k?) py 272]
— exp[ —4(k2+Kk?) pg 2271} A(k)

glko, K)=gcoy+ 3, £0(27) © o (1547)

n=1

where we note that the decomposition of g has exact scaling properties
(because it corresponds to the propagator of the Mattis-Lieb model and
hence it is different from the one considered in Section 4 valid for the
analysis of the infrared problem in the real model: note, however, that g,
is nothing but the function appearing in the leading term of the infrared
propagator of the real model).

We analyze next the size of F,(x) and we easily find that it is bounded
uniformly in »n by const-2". The size of g,(x) admits the same bound.
Hence we can perform the usual dimensional analysis of the size of the
interaction at high frequency."'” Replacing ¢ by const-2"% and ¥ by
the same quantity, and restricting the integral to a box of size 27%"p; 2,
we see that the size of the interaction at large scale (i.e., largen) is
const - 1(0) 2~"/2. Hence, the model is still asymptotically free in its
ultraviolet part and even superrenormalizable. It can have divergences up
to order 4 in perturbation theory: but the interaction structure is such that
only even orders in the coupling can be present and furthermore the expan-
sion parameter squared is the size of the potential. Hence, the only
divergent graphs are to be looked for among the terms of second order in
the potential 1, [which are already of fourth order in the sense of (15.46)].

Therefore we can apply known expansion methods of constructive
field theory for renormalizable theories; see refs. 24 and 32 for the most
recent developments.

Ours can be regarded as a two-dimensional Yukawa theory with a
boson propagator less singular than usual; furthermore, the general techni-
ques of ref. 32 can be applied to our case.

In this way one shows that the effective potential on scale 0 is a
short-range potential with many-body components (i.e., terms containing
any number of ¥ * fields) which become very small as the number of bodies
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increases. Since the field ¢ has no components on scales iower than p,, the
effective potential ¥ can be taken as the starting point of our infrared
analysis. The novelty is simply that the initial number of irrelevant terms
is not finite, because of the fact that the effective potential contains com-
ponents with arbitrarily many fields.

The latter is not a big problem because even if we had only finitely
many components in V'®, we would immediately generate infinitely many
new ones after the integration of the first infrared component of the field.
Thus, we only have to check that V® obeys bounds on the kernels of the
n field terms which are no worse than those that ¥(~! would obey in the
case it was generated by an initial interaction with only finitely many
terms. This is precisely the type of bounds that are provided by the known
methods®**? for the kernels of the effective potential on scale O generated
by a superrenormalizable, or even just asymptotically free, interaction. One
also finds that in such cases the kernels for ¥® admit an asymptotic
expansion in powers of the initial coupling, which in our case might even
be convergent.

From this point on one continues as in the realistic case treated above.
The fact that the propagator (15.37) is on all scales our scaling propagator
makes the theory of the beta function even simpler because the parts
proportional to ¢, =2" which were corrections to scaling, are absent and
the functions G; which only depend on the scaling propagator are the same
as ours.

At this point we have to make an assumption that we have not been
able to deduce from the exact solution:

Assumption. The running couplings in the Mattis—Lieb model stay
smaller than CAi, for some constant C for all values of 4.

From the above argument, we know that they start being as small as
desired and from the exact solution [see (15.48) below ], we know that they
end up being as small as desired; unfortunately, one cannot exclude yet
that while going down in frequency they become large, leaving the pertur-
bative regime and returning into it. This event, which we consider unlikely,
can perhaps be excluded by a more careful analysis of the exact solution.

Furthermore, we consider the appendix of ref. 26 and note that our
4(0) is half the quantity denoted Av(0) in ref. 26. The results of refs. 26 and
27 prove that the model shows anomalous scaling with # given by

2= {[1424(0)/m]Y2 + [1 +245(0)/n] 12 =2}/2 = 1(0)? /2% + - --
(15.48)

where 1, is the Fourier transform of i, and, in our notation, coincides [see
(15.38)] with the quantity 240(0) of ref. 27.

822/59/3-4-8
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Note also that if we start from an initial interaction containing a non-
zero & coefficient and a nonzero v coefficient, the model is of course still
soluble, because this amounts simply to changing the value of py and of
the coefficient of 8y, thus affecting in a trivial (analytic) way the end result
(15.48).

This result holds for any choice of 4, small enough, a property incom-
patible with a flow described by (15.31) unless G, =0, if one accepts the
assumption above.

The realistic model and the Luttinger models have the same G,
functions; hence G, =0 for both.

If G, =0, the flow (15.31) is easy to study. We look for a solution in
which 6,=19"5,, v,=7"7,, t,=2" and J,, v, tend to zero. The recursion
becomes, for any y,

i = Ay Y [ER A2 G (A 1)+ TEA2YGy(Rs 8 T4 ]
+ 4, R Ay, 84y Vs 1)
Sn 1 =18, 4 228,7G 4(Any 84) + A27,7Gs(Ans Ops V1)
+ 1,9 "R (Ay, 84y Vi 1) (15.49)
Vi1 =299, + 9, 429G (s, Ops Vs 1) + 0, A07G1(Ays O, Vi, 1)
+ 1,7 " "WR3(Ap, 4y Vi, 1)

o1 =271,

Taking y between 1 and 2 and fixing A, small enough, it is clear that one
can find 8,, v, so that §, -0, ¥, >0 as fast as O[(2/y)"], so that §,, v,
tend to zero as O(2") while 4, — /..

If there is a flow on (4, 6, v) satisfying (15.31) and staying bounded of
O(4o), it is clear that G, =0 is the only possibility.

It follows immediately that, if the above assumption holds, all the
short-range models in one dimension have an anomalous Fermi surface at
small coupling: the anomaly is correctly caught by the Luttinger model
Probably at large coupling the anomaly remains and follows the pattern
predicted by the Mattis—Lieb exact solution of the Luttinger model; see
ref. 26. The only exception is the set of models for which A_,, vanishes:
such cases are not generic, as the A, =/,+ BA5+ --- depend analytically
on Ay; the value 1, depends smoothly on the initial interaction and to first
order it is A(0) — A(2p), as can be checked immediately by an elementary
perturbation calculation. This concludes our analysis of the one-dimen-
stonal cases.
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Note that we do not have to require, in the realistic case, that the
interaction be positive definite. Positive definiteness of 4, is used above
only as an intermediate step to conclude, via the theory of the Mattis-Lieb
model, that G, =0. If, however, in the realistic model the interaction is
positive definite, then we can use the above method of introducing an
auxiliary boson field to solve the ultraviolet problem mentioned at the
beginning of the Introduction. Hence the theory is complete in this case. As
mentioned in the Introduction, we do not think that this is a serious
problem even in the attractive case, for small enough interaction. Physi-
cally the only thing that could conceivably go wrong is the extensivity of
the lower bound on the energy levels, i.c., the thermodynamic stability: but
if =1, the indeterminacy principle allows us to consider a negative inter-
action without destroying stability, provided it is not too large.

The degeneracy of the second order in (15.2) (which tends to O as
h— —oo0) does not occur if there are more degrees of freedom: if we
suppose that our fermions, and the quasiparticles as well, carry a spin
described by an extra label o attached to the fields, the formalism that we
have described applies unchanged, with the obvious addition of the extra
labels. As an illustration, we present a particularly simple spinning model.

The model has a potential

S A=YV dx dy di (15.50)

g,6' = +

which represents a spin-symmetric interaction. Its relevant part is of the
form

4
S [dx [T do,errere o eixie,, w0y, 03, 0,)

c,0' = +1 i=1

Xyt oy - - (15.51)

x,0,01 ¥ x,6",w ¥ x,a’,a3V x,0,w4

where, if A(w—w')=1y(pr(w—w")) denotes the Fourier transform of Ao
evaluated at the difference between a pair of Fermi momenta, one has

iol@y, @y, @3, 04) = [M; — wy) + Alw, —w;)]/2 (15.52)

The coupling Ao(w,, w,, w;, w,) in (15.51) has some symmetries,
which are preserved by the (normal scaling) beta function, that is,

Aoly, @y, @5, W4)=do(—0y, —0,, —w;, —~wy)

= Ao(@,, 0y, 04, w3) = Ao(w3, 04, 01, @,)  (15.53)
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This reduces to five the number of independent parameters; for example,
J’1:2~0(17 la 131)7 J’2=io(1» 1’ 17—1)3 y3=10(15 11_15_1)
ya=40(1, =1, 1, 1), ys=24,1, -1, —=1,1) (15.54)

The evaluation of the second-order beta function is straightforward
but laborious. One finds, up to terms vanishing exponentially in # — —oo,

Y1=7¥1 Ya=Y2—By2(2ys— ys)
Vi=y3—2By3(ya—2ys),  ya=ys—4Byi (15.55)
ys=ys—2Py;

where f is a positive constant. It is easy to see that in this dynamical
system no trajectory approaches the origin: i.e., the introduction of the spin
does not change the nonasymptotically free nature of the model.

The above remarks show that we cannot make a connection with the
theory of the model of Gross and Neveu as treated in ref. 19 because we do
not have asymptotic freedom to second order. Nevertheless, the part of
refs. 19 and 24 dealing with the convergence of the beta function series for
small enough M [see (14.1)] still applies to our spinning case. Hence also
in the spinning case one may hope to learn more from the analysis of the
higher order contributions to the beta function. One could look for
anomalous behavior: the question, however, deserves a separate analysis
and we hope to come back to the problem in a future publication.

Note that the problem looks quite hard because of the many marginal
directions: as a dynamical system, this is a rather pathological one due to
the resonances associated with the number of marginal directions.

It is unclear if the model introduced by Mattis®*>?) as a spinning
variation of the Mattis~Lieb model‘***” used above can play the same role
as the Luttinger model did in the understanding of the spin-0 case. In fact
in this model:

V=Y dedydtdwdw’lo(x—y): oo viowt VoW yiow:

g,0'= 11
(15.56)
so that the relevant part has the form
V= Y [dcdodo 10097, V5oV w Vs, (1557)

g0’ = +1
This implies
Y2=3=y,=0, y1=J’5:io(O) (15.58)
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These conditions are preserved exactly by the beta function to all orders,
so that there is really only one parameter, as in the spin-zero case. For the
potential (15.52), on the contrary, one has

yi=ys=HM0),  y,=[A0)+A2)]2,  y3;=p,s=42) (1559)

For this initial condition the dynamical system (15.52) is diverging, unless
A(0)=A(2)=0, which in any case is not preserved, if one takes into
account also the terms vanishing in the limit 2 - —o0.

In conclusion, the ideas of Tomonaga, which are the basis for the
Luttinger model, seem to be not easily generalizable to spinning models
(see also ref. 29, concluding remarks).

APPENDIX A. PROOF OF (4.2)

Let p=pg, f=p/m; let p, be fixed and a=a'py 272", v=2"p,yt.
Then, denoting by Q,=2n%*I'(d/2)~" the surface of the d-dimensional unit
sphere and denoting by 9 the angle between x and k, one has

gn(x, 1)
1 dky dk
2 2n T Wb Uil
_'pO 2 f1/4 d“ f (2713)d+1

k2 — p2)?
xexp{ 527y [kz (—’%—)—]—ikot—ikxcos&l}

4m
—p
k
<+l 0+ m )

22 2n

=S ] e v [ o

2 2 2
X exp {—p5222”a Ijk§+%&:l}

x {exp[—ikot—i(h+p)x cos 8]} (h+p)—* (+iko+

deoz
do | dk, dh 2%h
(2“)d+1 J‘1/4 f j 27 "p/py (P0+ )

2
xexp{— |ik§+h2(1+h2”1@> ,Bz] a}
14

x[+ik0+h <1 +h2"—15’p£) 5] [exp( — ikyt)] J [px(l 2 2"11)}

h(h+ 2p)>
2m

d—1
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Qn'p?2" po it do wy PO\
== e dh(1+2h——>
(2m) P ya o * I anpp p

x[—ar+h<1+2”1h@>ﬂ]
P
7? A% Po
x{exp[— ——h2<1+.h2”'1——> ocﬂ{l} J@ [px<1+h2"—>]
4a 4 p

U da —\[T 1
:J1/4ﬁ<exp 4o )[%ga,n(x)-i-ga,n(x):l (Al)

where, if J, denotes a Bessel function and I is the gamma function, we set
[see ref 21, (3.915)], for dimension d> 1,

J(d)(y)=J‘€7iycos'9 d(!)

Qa1 (™ cos 8y -
— iy cos 9 d Zd'g
Q, fo e (sin 3)
Q _ TCI/Z 2 (d—2)/2 1 .
SR (22) r(d3) et a2

Note that J is expressed in terms of Bessel functions trivially related to
trigonometric functions in the case of d odd. The above equalities hold for
d=2: the case d=1 is easily treated because the integration over 9
becomes an average over the two values $=0, 7.

If j=0,1,

; Qu'?p?2" py ¢+ ( Po)ti_1
I xX)=— dh|14+2"h—
8z, (x) (zn)d+1 p J‘—2"'11/170 p

J
Y [h <1 +2"‘h@) ﬂ]
p
% evh2(1+h2"*1po/17)2 aﬂzj(d) [px (1 + h2" @):I (A3)
14

Note that the integrand has a symmetry in 4 around —2 "p/p,: this per-
mits us to rewrite (A3) as an integral from — oo to + oo provided the con-
stant 